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Abstract— We present a generalization of the classic Differen-
tial Dynamic Programming algorithm. We assume the existence
of state- and control-dependent process noise, and proceed to
derive the second-order expansion of the cost-to-go. We find
the correction terms that arise from the stochastic assumption.
Despite having quartic and cubic terms in the initial expression,
we show that these vanish, leaving us with the same quadratic
structure as standard DDP.

I. INTRODUCTION

Optimal Control describes the choice of actions which
minimizes future costs. In the continuous nonlinear case,
local methods are the only class of algorithms which suc-
cessfully solve general, high-dimensional Optimal Control
problems. These methods are based on the observation that
optimal solutions form extremal trajectories, i.e. are solutions
to a calculus-of-variations problem.

Differential Dynamic Programming, or DDP, is a powerful
local dynamic programming algorithm, which generates both
open and closed loop control policies along a trajectory.
The DDP algorithm, introduced in [1], computes a quadratic
approximation of the cost-to-go around a trajectory and
correspondingly, a local linear-feedback controller. Serving
as a basis for many popular control frameworks [2], and
recently used for advanced aerodynamic control [3] As in
the famous Linear-Quadratic-Gaussian case, fixed additive
noise has no effect on the controllers generated by DDP, and
when described in the literature, the dynamics are usually
assumed deterministic.

While the impartiality to noise can be considered a feature
if the noise is indeed fixed, in many cases varying noise
covariance is an important feature of the problem, as with
control-multiplicative noise which is common in biologi-
cal systems [4]. This latter case was addressed within the
iterative-LQG framework [4], but the more general case of
state-dependent noise appears to have never been appropri-
ately tackled.

In this paper, we derive the DDP algorithm for general
state- and control-dependent noise terms. We find that despite
the potential of cubic and quartic terms, these cancel out,
allowing us to maintain the quadratic form of the approxi-
mation.
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II. STOCHASTIC DIFFERENTIAL DYNAMIC
PROGRAMMING

For our analysis of stochastic Differential Dynamics Pro-
gramming we will consider systems described by the stochas-
tic continuous-time dynamics:

dx = f(x,u)dt + F(x,u)dw (1)

where x € R**! is the state, u € RP*! is the control and
dw € R™*! is brownian noise. To enhance the readability
of our derivations we will write the dynamics as a function
& € R™*1 of the state, control and instantiation of the noise:

D (x,u,dw) = f(x,u)dt + F(x,u)dw (2)

It will sometimes be convenient to write the matrix
F(x,u) € ®™*P in terms of its rows or columns:
F}(x,u)
F(x,u) = : = |F}(x,u),..., F?P

¢ (x,u)
F(x,u)

Every element of the vector ®(x,u,dw) € R"*! can now
be expressed as:

®I(x,u,dw) = f7(x,u)dt + F!(x,u)dw

Given a nominal trajectory of states and controls (X, 1) we
expand the dynamics around this trajectory to second order:

®(x + dx,u + du, dw) =
O(x,0,dw) + VP dx + Vyu® - du
+ O(d%, du, dw)
where O(0x, du, dw) € R"*! contains all the second order

terms in the deviations in states, controls and noise'. Writing
this term element-wise:

OW (6x, du, dw)
O(dx,0u,dw) = ,
O™ (6x, du, dw)

we can express the elements OV (§x, §u, dw) € R as:

0 (6x, 6u, dw) =
1 6x\' [ Vax® Viud [ 6x
2\ du Vux®  Viagud? ou )’

Not to be confused with “big-O”.



We would now like to express the derivatives of ® in terms
of the given quantities. Beginning with the first-order terms,
we find that:

Vx® = Vi f(x,u)dt + Vx (ZF’ dw’)x/ﬁ

Vu® = Vo f(x,u)dt + Vy (ZFl dw)\/%

Next we find the second order derivatives and we have that:
Viex f(j ) (x,
Vuu f(j)(
Vax®9) = Vi fD (x, u)dt + Vix (F(j)(x, u)dw) Vit

T

Vi) = W)dt + Vi (F(J (x, )dw) Vit

Vo ®0) = W)t + Vau (F D(x, )dw) vt

V@) = (Vuxq>(j))T
The discrete-time dynamics are now formulated as:

5Xt+5t =

<W+fo(><u5t+v (ZF@ dwU\F))éxt
( wf(x, )0t + Vy (ZFwa(l >>5ut+

+ F(x,u)Vdtdw + O(6x, du, dw, 6t)
with 0t = ¢} — t; corresponding to a small discretization
interval. Note that the quadratic term O is now a function
of dt. The discretized dynamics can be written in a more
compact form by grouping the state, control and noise
dependent terms, and leaving the second order term separate:

5Xt+5t =
Atéxt + Btéut + Ftdw + O((SX, 511, dw, 5t) (3)

where the matrices A; € R"*", B; € R"*P and I'; € R"*™
are defined as

A = ILnxn+ fo(x, u)ét
B = Vaf(x,u)dt
r, = [T® 13 INCON
with I ¢ R°X1 defined IV = V.FY%u, +

Vv FC 6xt + FC( 2 For the derivation of the optimal control
it is useful to expresses I'; as the summation of terms that
depend on variations in state and controls and terms that are
independent of such variations. More precisely we will have
that:

= Ay(dx,0u) + F(x,u) )

where each column vector of A; is defined as

AW (5%, 0u) = Vo FYduy + Vi F 6%,

III. VALUE FUNCTION SECOND ORDER APPROXIMATION

As in classical DDP, the derivation of stochastic DDP re-
quires the second order expansion of the cost-to-go function
around a nominal trajectory X:

V(x +6x) =
V()4 Ve VTox + %5xTvxx5x (5)

Substitution of the discretized dynamics (3) in the second
order Value function expansion (5) results in:

V(Xigst + 0xepst) = V(Xeyst)

+ Vi VT (Asx; + Biduy + T'ydw + O)

+ (A% 4 Biduy + Trdw + O)F

X VxxV (At§xt + Btéut + Ftdw + O) (6)
Next we will compute E (V(Xyys: + 0X¢4s¢)) which re-
quires the calculation of the expectation of the all the terms
that appear in the equation above. This is what the rest of

the analysis is dedicated to. More precisely in the next two
sections we will calculate the expectation of the terms:

E (ViVT6x¢16t) ©)
and

E (5X;11+5tvxxV5Xt+5t) (8)

where the state deviation dx;s; at time instant ¢ + 6t is
given by the linearized dynamics:

5xt+5t = Atéxt + Bt(5ut + Ftdw + (0] (9)

The analysis that follows in section III-A consist of the
computation of the expectation of the 4 terms that result
fromt the substitution of the linearized dynamics (9) into
(7). In section III-B we compute the expectation of the 16
terms that result from the substitution of (9) into (8).

A. Expectation of the first order term of the value function
expansionV VT 6x; 4 1.

The expectation of the first order term results in:

E (ViVT (A46%; + Biduy + I'idw + 0)) =
vaT (At(SXt + Bt(sllt + E (O))

In order to find the expectation of O € R"*! we need
to find the expectation of each one of the elements of this
column vector. Thus we will have that:

E (O(j)(5x,6u,dw, §t)> -
s L( o T V@9 Viu@) 5x
2\ du Vur @) Vg @) su
VaufW 0x\ _ 5
Vuuf(j) Ju

-5(0)

(10)

vxxf(j)
Vuxf(j)



Therefore we will have that:

E (VXVT5Xt+5t) = vva (At(SXt + Bt(sut + 0) (12)

Where the term O is defined as:

0W (6x, bu, 6t)
O(dx, du, 0t) = (13)
o) (5;2 du, t)

The term V, V7O is quadratic in variations in the states
and controls Jx, du an thus there are the symmetric matrices

FeRmn | Z e R™™ and L € R™*™ such that:
~ 1 1
ViVTO = §5fo5x + 5(suTzau +oulLox  (14)
with
F=> VeIV, (15)
j=1
Z=|> Vuu/V, (16)
j=1
L= VafIV, (17)
j=1

From the analysis above we can see that the expectation
VzVT(FxH_(;t is a quadratic function with respect to vari-
ations in states and controls dx,du. As we will prove in
the next section the expectation of 6x7, 5, Vyx V7 0%y 15t is
also a quadratic function of variations in states and controls
0%, ou.

B. Expectation of the second order term of the value function
expansion 5X;F+5t Ve VI6%4 451

In this section we compute all the terms that appear due
to the second approximation of the value function. We will
have that

E (6x{45:VaaVOXi4st) (18)

where 0x;1s: is given by 9. Substitution of 9 to the
equation above results in 16 terms. More precisely we will
have that

E(6x{, 5 Vau VT 0xpy5t) =E1+ E2+ E3+ E4+ E5

(19)

where the terms £1,€,,€3,€4 and €5 are given by the
equations:
&=

((SXt A waAt(SXt)

(6Xt A Vth5ut)

(5ut B Vth(Sut)
(5ut B VzmAt5xt)

(dwTFTVwAtéx) + B (dw"T] V,, Biou) +
(6x" AV, Tvdw) + E (0u” BV, I'ydw) +

E
E
E ( WITT le“tdw>

E (o VeeTyd) + E (" T] V;,0)
E4=

E (6x{ A{ V;,0) + E (6u{ B{ V,;,0) +
E (0"V,.Biduy) + E (07 V,, A;0%4)

&5 =E(0"V,,0) (20)

As we can see we have classified these terms into 5 classes
so that to make our analysis easier and more clear. In the 1th
class we have all these terms that depend neither on dw and
nor on O(0x, du, dw, 0t). These are the terms that define £;.
In the 2th category £, there are the terms that depend on dw
but not on O(dx, du, dw, 6t). In the third class €3, there are
terms that depends both on O(dx, du, dw, §t) and dw . In the
4th class €4, we have terms that depend on O(dx, du, dw, t)
. Finally in the 5th class £5, we have all these terms that
depend on O(dx, du, dw, 6t) quadratically. The expectation
operator will cancel all the terms that include noise up the
first order. Moreover, the mean operator for terms that depend
on the noise quadratically will result in covariance.

We start with all these terms that belong to the £ class.
More precisely we will have that:

E (6x{ Af Vou Asdxy) = 0x{ Al Vip Arox,
E (0uf B} Vyu Biduy) = 6uf Bf Vo Biou,
E (6x{ A Voo Biouy) = 0x{ AV, Byouy
(éut BTVmAt(SXt) =u, BTVmAtéxt

21

We continue our analysis by calculating all the terms of
the class £2. More presicely we will have:

E( TP;*FVMAtéx) =0

E (dw"T]V, Biou) = 0
(22)
B ('] VMAtch) —0

T T

E(dw r? Vth(Su) =0
The terms above are equal to zero since the brownian
noise is zero mean. The expectation of the term that does not

depend on O(dx, du, dw, §t) and it is quadratic with respect
to the noise is given as follows:



E (dwTI‘tTVmFtdw) = trace (ITV,,[\5,)  (23)

For those terms that depend both on O(0x, du, dw, 6t) and
on the noise class £3 we will have:

E (0"V,,I'1dw) = E (trace (V,,['1dwO™))
= trace (V,,[,E (dwO™)) (24

By writing the term O(0x, du, dw,dt) in a matrix form
and putting the noise vector insight the this matrix we have:

E (0"TVyTdw) = (25)

trace (VmFtE[ dwO® dwO(™) ])

Calculation of the expectation above requires to find the

terms F (\/&dwO(j )) more precisely we will have:

E (mdwO(j)) =
%E (\/Edwaqu)ggéx) + %E (\/Edwéu”f@g}}lau) +
E (\/&dW(SUT(I)EQ((SX>

(26)

We first calculate the term:

27)
—E (\/ﬁdwéxT (vxx F@st + vxxFy)dw\/&) 5x)
—E (\/ﬁdwéxT (vxx f(ihst) 5x)

+E (\/ﬁdwaxT (vxxFT@dwx/c%) 5x)

E (\/&dwaxTvquﬂi)ax)

The term E(\/(%dwéxT (Vxxf(i)ét) 5x> = 0 since
it depends linearly on the noise and F (dw) = 0.
The 2th term E (v/dtdwdx” (VxxFr(i)dwm 6x> de-
pends quadratically in the noise and thus the expectation
operator will result in the variance on the noise. We follow
the analysis:

E (mdwéxTVxx¢(i)§x) - (28)

E (\/ﬁdwéxTvxx (Fﬁ”dwx/&) 5x)

Since the dw = (dwi,...,dwn)” and F"
(FED, ..., F™)) we will have that:

B (V1duix" V@ Vox) = (29)
m
E | 0tdwdx" Vi [ > Fdw | 6%
j=1
B [ tdoox™ | 37 Viex (FPdu? ) | 0
j=1
B [ tdoox™ | D ! Vo (FO) | 0
j=1
By writing dw in vector form we have that:
E (\/EdwéxTvquﬂi)(sx) - (30)
dw1
E | 6t oxT Z dw? Vs (F(ij)) 0x
j=1
dWQ

The term 6x T (23"21 dwIV ey (F(ij))) 0x is scalar and
it can multiply each one of the elements of the noise vector.

0tE (dw16XT (Z;nzl AwIV 5 (F(ij))> 5x)
- o
OLE (dundx™ (S, dw Vo (F0) ) )

Jj=1

Since E (dw;dw;) = o2

o, and E (dw;dw;) = 0 we can
show that:

E (deaxTvxx@<i>5x) - 32)

§to2, OxTV o D 5%

5to2, OxTV ™ 6%

In similar way we can show that:

E (\/(%dwdeVuu@(i) 5X> =

§to?, ouT ViV ou

(33)

5to?, Su'VeuF™du

and



E (\/&dwauTvxu@i)ax) - (34)

5to2,, ouTV  F 6x

§to2, oul V™ 5x

Since we have calculated all the terms of expression (27)
we can proceed with the computation of (24). According to
the analysis above the term E (OTV,,,I";dw) can be written
as follows:

E(0"V,,I'dw) =
trace (V. It (M +N + G))

Where the matrices M € R™*"* A € R™*" and G €
R™*" are defined as follows:

(35)

M= (36)
O—glwl 5XTvxxFT(11)5X Uﬁwl 6XTVxxFr(1n)5X
ot
Uflwm 5xTvxxFr(m1)6X ngm 5XTvxxF7§mn)5X
Similarly
N = (37)
0-30015>{TVKUF‘7§LI)(Su Uiul 6XTquF1gl’n)6u
ot
O—gwm (SXTquF7(m-,1)§u Uﬁwm 6XTvqu7(m,n)6u
and
9 (38)
UgwléuTVuuFT(Ll)(Su U(%wl 6uTVuuFr(l7n)5ll
ot

o2, UV K™ éu

o2, UV Fi™gu

Based on (4) the term I'; depends on A which is a function

of the variations in states and control up to the 1th order. In
addition the matrices M, N and G are also functions of
the deviations in state and controls up to the 2th order. The
product of A with each one of the matrices M, N and G
will result into 3th order terms that can be neglected. By
neglecting these terms we can show that:

E(0"V,,Tidw) =
= trace (Voo (A + F) (M +N +G))
= trace (V. F (M + N+ G))

Each element (i,j) of the product C = VixF' can be

expressed as (1) = " VP9 where € € R
Furthermore the element (u, v) of the product H = CM is

(39)

formulated H*") = 37 € MEY) with H € Rx7
. Thus, the term trace (VixF' M) can be now expressed as:

trace (Vix FM) = Z HEO (40)
3y e g0
=1 k=1
(=1 k=1 \r=1

Since M"Y = 5t0’§wl6XTvaF(k’£)5X the vectors
5t0§w16xT and 6x do not depend on k,¢,r and they can
be taken outside the sum. Thus we can show that:

(41)

- ( (Z Vx(,’j”")F("’@> O, &axTvxxF(k,e)(;x)
— 5XT03w1 ot Z Z < <Z Véi,r)F(r,Z)) VxxF(k,€)> 5x

r=1
= ox Mox

where M is a matrix of dimensionality M € R™*" and it
is defined as:

M =03, 6ty <<ZV(’”)F(”)>V F<”>>

£=1 k=1
(42)
By following the same algebraic steps it can been shown
that:

trace (Vix FA) = 6xTNéu (43)

with N matrix of dimensionality N € R"*P defined as:

N = ggwl ot i i ((i V){()fz,r)F(r,@)) vqu(k,€)>

(=1 k=1 r=1
(44)

and

trace (Vix F'G) = su’ Géu (45)

with G matrix of dimensionality N € R?*? defined as:

wal 5t Z ( (Z V(k: T')F(T Z)) V F(k [))

(=1 k=1
(40)

Thus the term E (OTVmFtdw) is formulated as:

- 1 - N
E(0"V,,I'dw) = %5XTM5X + §5uTG5u + 6xTNéu
(47)



Similarly we can show that:

1 ~ 1 ~ <
E (dle“tTVmO) = S0x"Mox + Sou” Gou + 6x"Nou
(48)
Next we will find the expectation for all terms that depend

on O(dx, du, dw, 5t) and not on the noise. Consequently, we
will have that:

(6x{ AT V,,0) = 6x] AT V,,0 =0
(6u! B}V, 0) = éuf BI'V,,0 =0
(0T Vi Ardx;) = OV Ardx, = 0
(07V,,Bdu;) = OV, Biduy = 0

(49)

where the quantity O has been defined in (13). All the
4 terms above are equal to zero since they have variations
in state and control of the order higher than 2 and therefore
they can be neglected.

Finally we compute the terms of the 5th class and therefore
we have the expression

E5 = E (071, 0)
=F (trace (VxxOOT))

(50)

= trace (VixE (OO™))

om om 17
= trace | Vi F/

om om

The product OYOU) is a function of variation in state and
control of order 4 since each term O(*) is a function of
variation in states and control of order 2. Consequently, the
term £5 = F (OTVXXO) is equal to zero.

With the computation of the expectation of term that is
quadratic WRT O we have calculated all the terms of the
second order expansion of the cost to go function. In the
next section we provide the optimal controls.

IV. OPTIMAL CONTROLS

In this section we provide the form of the optimal controls
and we show how previous results are special cases of our
generalized stochastic DDP formulation. Furthermore after
we have calculated the all the terms of expansion of the cost
to go function V' (x;) at statex; we can show that its form
remains is quadratic WRT variations in the state §x; under the
constrain of the nonlinear stochastic dynamics in (1). More
precisely we can show that:

V (Ritot + 0xiqot) = V(Regst)
+ V. VT A%, + V. VT Byou,

(S
(52)

1 1
+ §5fo5x + §6uTZc3u +6u” Lox

1 1
+ 55X?A?VIth5ut + §5u?B?VMAt5Xt

1
+ Qtrace (FtTVmFtZw)
1 - 1 . y
+ §5XTM5X + §5uTG<5u + 0xTNéu (53)

The unmaximized state, action value function is defined
as follows:

Q(Xk, llk) = E(X}c, llk) + V(Xk;Jrl)

Given a trajectory in states and controls X,u we can
approximate the state action value function as follows:

(54)

Q(X + 6x, 0+ 6u) = Qo + su’ Qy + 0x" Qx

1 T T er qu 5X

glot o )| G o |
By equating the coefficients with similar powers between
the state action value function (X, uy) and the immediate

reward and cost to go £(xy,uy) and V(xy,1) respectively
we can show that:

Qx = by + AV,V

Qu =Ly + AV, V
Qxx = low + Al Vig Ay + F+ M
Qxu = lou + A;VmuBt +L+N
Quu =Llyw + B'V,uBi+ Z+ G

(55)

(56)

where we have assume a local quadratic approximation of
the immediate reward £(xj, uy) according to the equation:

(X +0x, 0+ 6u) = by + dul ly + oxT 1y

1 T T low Aru ox
5L X' ou ][ﬁw éuuHau]

The local variations in control Ju* that maximize the
state. action value function are expressed by the equation
that follows:

(57)

du* = argmax Q(X + dx,u + du) (58)

= _Ql_llll (Qu + qu6x)

The optimal control variations have the form ju* =1+
Léx where 1 = —Q, Q. is the open loop gain and L =
—QulQux is the closed loop - feedback gain.

For the special cases where the stochastic dynamics have
only additive noise F'(u,x) = F' then the terms M, N, G
will be zero since they are functions of Vi F' and Vi, F



and VyoF' and it holds that Vyx F' = 0, VyuF' = 0 and
VuuF = 0 . In such a type of systems the control does
not depend on the statistical characteristics of the noise. In
cases of deterministic systems again M, N, G will be zero
because these terms depend on the variance of the noise
Odw; =0, ¥i =1, ...,m. Finally if the noise is only control
depended then M, N will be zero since Vi F(u) = 0 and
VxuF(u) = 0 while if it is state dependent then N, G will
be zero since Vxy, F(x) =0 and Vy, F(x) = 0.

V. DISCUSSION

In this paper we explicitly derived the equations describing
the second order expansion of the cost-to-go, given state
and control dependent noise. Our main result is that the
expressions remain quadratic WRT dx and du, so the basic
structure of the algorithm, a quadratic cost-to-go approxima-
tion with a linear policy, remains unchanged. In addition we
have shown how the cases of deterministic and stochastic
DDP with additive noise are sub-cases of our generalized
formulation of Stochastic DDP.

Current and future research includes the testing and eval-
uation of our generalized Stochastic DDP algorithm on
stochastic systems which are highly nonlinear and have noise
that is control and state dependent. Biomechanical models
belong to this class due to highly nonlinear and noisy nature
of muscle dynamics. Moreover we are aiming to incorporate
a second order Extended Kalman Filter that can handle
observation as well as process noise. The resulting optimal
controller-estimator scheme will be a version of iterative
Quadratic Gaussian regulator that can handle stochastic
dynamics expanded up to the second order with state and
control dependent noise.
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