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Abstract

This paper explores issues involved in implementing robot
learning for a challenging dynamic task, using a case study
from robot juggling. We use a memory-based local model-
ing approach (locally weighted regression) to represent a
learned model of the task to be performed. Statistical tests
are given to examine the uncertainty of a model, to optimize
its prediction quality, and to deal with noisy and corrupted
data. We develop an exploration algorithm that explicitly
deals with prediction accuracy requirements during explo-
ration. Using all these ingredients in combination with
methods from optimal control, our robot achieves fast real-
time learning of the task within 40 to 100 trials.
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Introduction

Learning control means improving a motor skill by repeatedly practicing a task. There has
been much progress in learning control research. But many projects test proposed algo-
rithms only in simulation. We have found that actual implementation of learning control
forces us to consider issues not adequately addressed in simulations. In this paper we de-
scribe which ingredients were needed to actually implement a learning algorithm on a
robot for a complicated dynamic task.

We are exploring systems that learn by explicitly remembering their experiences in
order to build models of the world. The learning community distinguishes between two dif-
ferent methods to represent a model, parametric and nonparametric. A parametric  model
consists of a certain mathematical function which possesses a finite set of free parameters
that have to be determined to make the function fit the data. This function models all  data
simultaneously, which means that parametric models correspond to global  function fitting.
Parametric models and training methods often do not remember the data they were trained
on. Standard linear regression, sigmoidal neural networks, radial basis function networks,
etc., belong in this class of techniques. Nonparametric models also have an underlying
function with a set of parameters which are to be adjusted. However, the number of the pa-
rameters can grow with the amount of data and the parameters can be recalculated when-
ever the model is used to generate an output from a new input (a process which is also
called a lookup or query). This makes sense if not all data is taken into account to estimate
the parameters but merely a subset, or if individual data points are weighted differently
with respect to different query points. Common algorithms to choose the subset or the
weighting are, for example, n-nearest neighbor methods (e.g., [12, 25]) or kernel regression
(e.g., [19, 28, 37]). Common functions are (hyper-)planes or (hyper-)quadratic surfaces. By
letting only a few data points contribute to forming the parameters, these types of non-
parametric models correspond to local  function fitting: they build a local  model to fit a
subset of data points with their function. As the word “local” implies, the model will be
valid only in a restricted region. Due to the necessity of continuous recalculation of the pa-
rameters for each individual query, local nonparametric models have to memorize all data
and are often called memory-based. Weighted averaging and nearest neighbor methods are
presumably the best known nonparametric approaches.

We are investigating a recently developed nonparametric (memory-based) statistical
technique, locally weighted regression (LWR), to model the system we are trying to con-
trol [11, 15, 16]. The LWR approach allows us to efficiently estimate local linear models
for different points in the state space. LWR offers a variety of statistical tools to assess the
reliability of lookups, to optimize the quality of a lookup, and also to cope with noise and
corrupted data. This allows the robot to monitor its own skill level, and it provides the ba-
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sis for an exploratory behavior that is almost entirely driven by the stream of incoming data
from practicing the task.

Our starting point for modeling is that we assume knowledge of what constitutes a
state of the system, i.e., the input/output representations, but the form of the dynamics
equations of the task to be controlled is unknown. Past work tested our ideas by imple-
menting learning for one-shot or static tasks, such as throwing a ball at a target [1], and
also repetitive or dynamic tasks, such as bouncing a ball on a paddle [2] and hitting a stick
back and forth (a form of juggling known as devil sticking) [40]. This as well as other ex-
perimental work (e.g., [32]) has highlighted the importance of making sure the control
paradigm used is robust to uncertainty, that the robot is able to compute what is known
about the task, and how well it is known, and that there is some process that generates ex-
ploration, so that models and controllers based on insufficient data are improved. All these
points are addressed by the LWR learning algorithm. Using our work with the devil stick-
ing robot as an example, this paper describes what was needed to implement real-time
learning based on this algorithm.

The next section of this paper discusses a number of control approaches which make
use of models and motivates the choice in our work. Locally weighted regression and some
of its statistical tools are introduced afterwards. Exploration, a key feature for system iden-
tification of modeling approaches, receives attention in the fourth section where we intro-
duce a goal-directed exploration algorithm which keeps explicit control over prediction ac-
curacy during exploration. In the fifth section, the previously introduced methods are find
application in a real-time implementation of learning how to juggle the devil stick.

Control Paradigms

Before discussing the details of our representational approach, it is useful to consider some
of the alternative control paradigms that might make use of learned models.

Deadbeat Control

In considering repetitive or dynamic tasks, we will focus on nonlinear regulator design, as-
suming there is a desired state xd

1 to achieve. Since often the observations of system in-
puts and outputs occur at discrete time intervals and not all the derivatives of the state are
typically measured, we restrict our analysis to discrete time models. The notation for the
forward dynamics model of a discrete system is

1 Out notation has the following conventions: scalars are denoted by lower cases letters in italic  face (e.g., s ), vectors
are denoted by lower case letters in bold face (e.g., v), matrices are denoted by upper case letters in bold face (e.g.
M), scalar valued function are in italic  face (e.g., f ()), vector valued function are in bold face (e.g., f()), and ()T

denotes the transpose of a vector or matrix, whereby all vectors are originally column vectors. The ^ (caret) indicates
models and predictions by models. Dots on top of variables indicate time derivatives.
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x̂k +1 = f̂ xk ,uk( ) (2.1)

and attempts to perform the task generate experience vectors xk
T ,uk

T ,xk +1
T( )T

. A straightfor-
ward approach to improving performance on the task is to learn an inverse model

ûk = f̂ −1 xk ,xk +1( ) (2.2)

from the database of experiences and use the model to predict commands for later attempts
of the task by replacing xk +1 in (2.2) by a desired state xk +1,desired . Another approach is to
learn the forward model (2.1) and then search for a good command, minimizing the (by Q
and R  weighted) squared magnitude of the predicted state error and the command:

min
uk

f̂ xk ,uk( ) − xd( )T

Q f̂ xk ,uk( ) − xd( ) + uk
TRuk







, (2.3)

Eq.(2.2) and Eq.(2.3) with R = 0  correspond to deadbeat control.

The deadbeat controllers above did not achieve satisfying robustness in our work
since they attempt to cancel the plant dynamics entirely. A less aggressive nonlinear con-
trol approach is to locally linearize the system about the desired point, and then use one of
the many linear controller design techniques, e.g., pole placement, linear quadratic (LQ), or
H∞. Such an approach is very successful if the system remains within the linear region.

Representing the Forward Model

Modeling approaches require model representations. If the nonlinear system has a particu-
lar structure, it can be globally linearized using nonlinear coordinate transformations and
state feedback (feedback linearization) [36]. Any linear control design techniques may be
used subsequently. Much of the recent work in adaptive controllers for nonlinear systems
assumes some knowledge of the form of the nonlinearities and the plant’s unknown pa-
rameters [30]. A common formulation requires the plant be representable accurately by a
feedback linearizable model in which all unknown elements appear linearly as a parameter
vector. A more black box approach to adaptive control [21] is to use a form of parametric
Volterra series in the inputs and states. Single hidden layer perceptron-like neural network
models essentially project the input data along a line given by the input weights, and then
output a one dimensional function of the value of that projection. Radial basis function
networks use centers of spherically symmetric contributions from parameterized one
dimensional functions applied to the distance between each input and the center. All these
approaches make implicit assumptions about the form of the system they are interacting
with, which we want to avoid, as will be demonstrated in the next section.

Optimal Control Approaches

Learning approaches that do not commit to a particular representational form generate nu-
merical representations, for which optimal control techniques provide natural methods to
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design control systems for nonlinear tasks. Dynamic programming [8, 9, 13] lays the basis
for a general paradigm of nonlinear controllers. In our formulation of the regulation prob-
lem, a goal state xd  is given, which is typically an equilibrium state, so xd = f xd ,0( ) . A
one step cost L x,u( )  is defined over all states and controls. The criterion to be optimized is
the infinite horizon sum of one step costs starting at the current time:

J = L xk ,uk( )
k =1

∞

∑ . (2.4)

We typically require either a temporal discount factor or L xd ,0( ) = 0 to ensure well de-
fined solutions to the optimization problem. The value function V x( )  is the optimal cost
created by solving (2.4) starting in state x . At any point, a globally optimal control action
can be chosen by the nonlinear controller by solving the local optimization problem:

uopt = argmin
u

L x,u( ) + V f x,u( )( )[ ]. (2.5)

If one assumes a locally linear model of the plant,

x̂k +1 = f̂ xk ,uk( ) ≈ Axk + Buk + c, (2.6)

a weighted locally quadratic model of the one step cost,

L x,u( ) ≈ 1
2

xTQx + 1
2

uTRu + xTSu + tTu, (2.7)

and a locally quadratic model of the value function,

V x( ) ≈ V0 + Vxx + 1
2

xTVxxx , (2.8)

one can compute a locally optimal command analytically:

uopt = − R + BTVxxB( )−1
BTVxxAx + STx + BTVxxc + VxB + t( ) . (2.9)

Unfortunately, value functions are difficult to represent and to compute, even though
this can be done off-line. Predictive control design techniques avoid using a value function,
but are then merely locally optimal [10]. Value functions can also be approximated, e.g.,
with neural networks [42]. We are interested in exploring approximations to value func-
tions that produce a locally quadratic model of V x( )  in a local neighborhood of x .

In this paper we are working within an optimal control framework. We would like to
design a fully nonlinear controller from a full computation of the optimal value function.
This is currently too expensive to compute, so we use linear quadratic (LQ) regulator tech-
niques to approximate the value function and design a corresponding controller. We make
extensive use of local linear models of the system to be controlled. The linearized models
are calculated on an as needed basis and are recalculated with each new piece of data to
update the controller. All of this happens in real time as the robot is executing the task.
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Locally Weighted Regression

The point of view explored in this paper is that the goal of a learning system for robots is
to be able to build internal models of tasks during execution of those tasks. These models
are multidimensional functions that are approximated from sampled data (the previous ex-
periences or attempts to perform the task). The learned models are used in a variety of
ways to successfully execute the task. We would like the models to incorporate the latest
information. The models will be continuously updated with a stream of new training data,
so updating a model with new data should take a short period of time. There are also time
constraints on how long it can take to use a model to make a prediction. Because we are
interested in control methods that make use of local linearizations of the plant model, we
want a representation that can quickly compute a local linear model of the represented
transformation. We would also like to minimize the negative interference from learning
new knowledge on previously stored information.
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Figure 1: Characteristic performance of  three different nonparametric function approximation tech-
niques: (a) nearest neighbor; (b) weighted average; (c) locally weighted regression

As the most generic approximator that satisfies many of these criteria, we explore a
version of memory-based learning techniques called locally weighted regression (LWR).
[15, 16, 11, 6, 24, 14, 27]. A memory-based learning (MBL) system is trained by storing
the training data in a memory. This allows MBL systems to achieve real-time learning.
MBL avoids interference between new and old data by retaining and using all the data to
answer each query. MBL approximates complex functions using simple local models, as
does a Taylor series. Examples of types of local models include nearest neighbor, weighted
average, and locally weighted regression. Each of these local models combine points near
to a query point to estimate the appropriate output. Figure 1 shows typical curve fits for
each of these methods.

Locally weighted regression uses a relatively complex regression procedure to form
the local model, and is thus more expensive than nearest neighbor and weighted average
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memory-based learning procedures. For each query a new local model is formed. The rate
at which local models can be formed and evaluated limits the rate at which queries can be
answered. This paper describes how locally weighted regression can be implemented in
real time.

An unweighted regression finds the solution to the equations:

y = X ⋅β   (3.1a)

by solving the normal equations:

XTXβ = XTy, (3.1.b)

where X  is an m × (n + 1) matrix consisting of m  data points, each represented by its n  in-
put dimensions and a “1” in the last column, y  is a vector of corresponding outputs for
each data point, β  is the n + 1 vector of unknown regression parameters, and J  is the sum
of squared errors over all given data points (cf. Table 1, Appendix A). Solving for β  yields

β = (XTX)−1 XTy , (3.2)

and a prediction of the outcome of a query point xq  becomes:

ŷq = xq
Tβ . (3.3)

However, this gives distant points equal influence with nearby points on the ultimate ans-
wer to the query, for equally spaced data. To weight similar points more, locally weighted
regression is used. First, a distance is calculated from each of the stored data points (rows
in the X  matrix) to the query point xq:

di
2 = sj Xij − xq j( )2

j =1

n

∑ . (3.4)

The factor sj  reflects a positive weighting (distance metric) among the n input dimensions,
either to normalize those or to give them different importance. The weight for each stored
data point is a function of the distance (3.4):

wi = f di
2( ). (3.5)

Each row i  of X  and y  is multiplied by the corresponding weight wi . A simple weighting
function just raises the distance (3.4) to a negative power, which determines how local the
regression will be (the rate of drop-off of the weights with distance):

wi = 1
di

k
. (3.6)

This type of weighting function goes to infinity as the query point approaches a stored data
point which forces the locally weighted regression to exactly match that stored point. If the
data is noisy, exact interpolation is not desirable, and a weighting scheme with limited
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magnitude is more appropriate. One such scheme, which we use in what follows, is a
Gaussian kernel:

wi = exp
−di

2

2k2







. (3.7)

The parameter k  scales the size of the kernel to determine how local the regression will be.
Such a weighting is used in Figure 1b and Figure 1c.

A potential problem is that the data points may be distributed in such a way as to
make the regression matrix X  singular. Ridge regression is used to prevent problems due
to a singular data matrix. The following equation, with X  and y  already weighted, is
solved for β :

XTX + Λ( )β = XTy , (3.8)

where Λ  is a diagonal matrix with small positive diagonal elements λ i
2 . Ridge regression

is equivalent to adding fake data in each direction that has a small weight and a zero output
value. The ridge regression constants can also be thought of as Bayesian priors on the vari-
ance of the estimated parameter vector β .

Assessing the computational cost

A lookup in a LWR model has three stages: forming weights, forming the regression ma-
trix, and solving the normal equations. Let us examine how the cost of each of these stages
grows with the size of the data set and dimensionality of the problem. We will assume a
linear local model.

Forming and applying the weights involves scanning the entire data set, so it scales
linearly with the number of data points in the database m . For each of n  input dimensions
there are a constant number of operations, so the number of operations scales linearly with
the number of input dimensions. Note that we can eliminate points whose distance exceeds
a threshold, reducing the number of points considered in subsequent computational stages.

Each element of XTX  and XTy  is the inner (dot) product of two columns of X  or y .
The architecture of digital signal processors is ideally suited for this computation, which
consists of repeated multiplies and accumulates. The computation is linear in the number
of rows m  and quadratic in the number of columns n2 + n∗o( ), where o  is the number of
output dimensions.

Solving the normal equations is done using a LDLT  decomposition, which is cubic in
the number of input dimensions, and independent of the number of data points. Other more
sophisticated and more expensive decompositions, such as the singular value decomposi-
tion, are unnecessary since the ridge regression procedure guarantees well-conditioned
normal equations.
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The most straightforward parallel implementation of LWR would distribute the data
points among several processors. Queries can be broadcast to the processors, and each pro-
cessor can weight its data set and form its contribution to XTX  and XTy . These contribu-
tions can be summed and the full normal equations solved on a single processor. The
communication costs are linear in the number of processors, quadratic in the number of
columns n2 + n∗o( ), and independent of the total number of points.

We have implemented the local weighted regression procedure on a 33MHz Intel
i860 microprocessor. The peak computation rate of this processor is 66 MFlops. We have
achieved effective computation rates of 20 MFlops on a learning problem with n = 10  in-
put dimensions and o = 5 output dimensions, using a linear local model. This leads to a
lookup time of approximately 15 milliseconds on a database of m = 1000 points.

Tuning The Fit Parameters

In the past we have used off-line global cross validation ([41] to estimate reasonable values
for the fit parameters: the distance metric sj , the parameters that define the weighting func-
tion wi = f (di

2 ), and the ridge regression parameters λ j . Since we are using a local model
that is linear in the unknown parameters, we can compute derivatives of the cross valida-
tion error ei = ŷi − yi  with respect to the fit parameters:

∂ei

∂sj

,
∂ei

∂k
,

∂ei

∂λ j

,

and minimize the sum of the squared cross validation error using a Levenberg-Marquardt
(nonlinear least squares) procedure (MINPACK, NL2SOL).

However, it is clear that these parameters should depend on the location of the query
point. In this section we describe new procedures that estimate local values of the fit pa-
rameters optimized for the site of the current query point. We want to demonstrate the dif-
ferences between local and global fitting in an example where we only focus on the kernel
width k  of a Gaussian weighting function (3.7). In Figure 2a, a noisy data set of the func-
tion y = x − sin3(2πx3 ) cos(2πx3 ) exp(x4 )  was fitted by locally weighted regression with a
globally optimized, i.e. constant, k . In the left half of the plot, the regression starts to fit
noise because k  had to be rather small to fit the high frequency regions on the right half of
the plot. The prediction intervals, which will be introduced below, indicate high uncer-
tainty in several places. To avoid such undesirable behavior, a local optimization criterion
is needed. Standard linear regression analysis provides a series of well-defined statistical
tools to assess the quality of fits, such as coefficients of determination, t-tests, F-test, the
PRESS-statistic, Mallow’s Cp-test ([23], confidence intervals, prediction intervals, and
many more (e.g.,  [29]). These tools can be adapted to locally weighted regression. We do
not want to discuss all possible available statistics here but rather focus on two that have
proved to be useful.
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Figure 2 Optimizing the LWR fit using different measures: (a) global  cross validation, (b) local cross
validation, (c) local prediction intervals
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Cross validation has a relative in linear regression analysis, the PRESS residual error.
The PRESS statistic performs leave-one-out cross validation computationally very efficient
by not requiring recalculation of the regression parameters for every excluded point. Table
1 in Appendix A shows how the PRESS residual can be expressed as a mean squared cross
validation error MSEcross . In Figure 2b, the same data as in Figure 2a was fitted by adjust-
ing k  to minimize MSEcross  at each query point. The outcome is much smoother than that
of global cross validation, and also the prediction intervals are narrower. It should be noted
that the extrapolation properties on both sides of the graph are quite appropriate (compared
to the known underlying function), in comparison to Figure 2a and Figure 2c.

(a)

*

*

*

*

**
***

*
*

*
*

*
*
*
**

*

*

****
***

*

*

***
***

*

**

*
**

*
*

*

*
*

*

**
**

*
*

*

*

*
*
*

*
*

*

*
*

*
**

*****
*

*
**

*
****

*

*
******

****
*

***
*

*
*

-0.5

0

0.5

1

1.5

2

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

y 
--

>

x -->

y-predicted

prediction interval

* noisy data

x

(b)

*

*

*

*

**
***

*
*

*
*

*
*
*
**

*

*

****
***

*

*

***
***

*

**

*
**

*
*

*

*
*

*

**
**

*
*

*

*

*
*
*

*
*

*

*
*

*
**

*****
*

*
**

*
****

*

*
******

****
*

***
*

*
*

-0.5

0

0.5

1

1.5

2

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

y 
--

>

x -->

Figure 3: Influence of outliers on LWR: (a) no outlier removal, (b) with outlier removed

Prediction intervals Iq  are expected bounds of the prediction error at a query point
xq . Table 1 gives the appropriate definition for LWR; its derivation can be found in most
text books on regression analysis (e.g., [29]). Besides using the intervals to assess the con-
fidence in the fit at a certain point, they provide another optimization measure. Figure 2c
demonstrates the result when applying this statistic for optimizing k  at each query point.
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Again, the fitted curve is significantly smoother than the global cross validation fit. A
rather interesting and also typical effect happens at the very right end of the plot. When
starting to extrapolate, the prediction intervals suddenly favor a global regression instead of
the local regression, i.e., the k  was chosen to be rather large. It turns out that in local opti-
mization one always finds a competition between local and global regression. But sudden
jumps from one mode into the other take place only when the prediction intervals are so
large that the data is not trustworthy anyway.

Assessing The Quality of the Local Model

Both the local cross validation error MSEcross  and the prediction interval Iq  may serve to
assess the quality of the local fit:

Qfit =
MSEcross

c
or Qfit =

Iq
+ − Iq

−

c
.

The factor c  makes Qfit  dimensionless and normalizes it with respect to some user defined
quantity. In our applications, we usually preferred Qfit  based on the prediction intervals,
which is the more conservative assessment.

Dealing with Outliers

Linear regression analysis is not robust with respect to outliers. This also holds for locally
weighted regression, although the influence of outliers will not be noticed unless the out-
liers lie close enough to a query point. In Figure 3a we added three outliers to the test data
of Figure 2 to demonstrate this effect; the charts in Figure 2 should be compared to Figure
2c. [27] applied the median absolute deviation  procedure from robust statistics [18] to
globally remove outliers in LWR. We would like to localize our criterion for outlier re-
moval. The PRESS statistic can be modified to serve as an outlier detector in LWR. For
this, we need the standardized individual PRESS residual ei,cross  (see Table 1, Appendix A).
This measure has zero mean and unit variance. If, for a given data point xi , it deviates
from zero more than a certain threshold, the point can be called an outlier. A conservative
threshold would be 1.96, discarding all points lying outside the 95% area of the normal dis-
tribution. In our applications, we used 2.57 cutting off all data outside the 99% area of the
normal distribution. As can be seen in Figure 3b, the effects of outliers is reduced.

The Shifting Setpoint Exploration Algorithm

Learning algorithms which assume no a priori structure of the world often face the problem
of sparse data in high dimensional spaces. Random exploration in order to build models of
such worlds will take a very long time. Random exploration in an unknown world may also
cause the system to enter unsafe or costly regions of operation. We want to develop an ex-
ploration algorithm which explicitly deals with such problems.
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The shifting setpoint algorithm (SSA) attempts to decompose the control problem
into two separate control tasks on different time scales. At the fast time scale, it acts as a
nonlinear regulator by trying to keep the controlled system at some chosen setpoints. On a
slower time scale, the setpoints are shifted to accomplish a desired goal. The SSA tries to
explore the world by going to the fringes of its data support in the direction of the goal. It
sets the setpoints in the fringes until statistically sufficient data has been collected to make
a further step towards the goal. In this way the SSA builds a narrow tube of data support in
which it knows the world. This data can be used by more sophisticated control algorithms
for planning or further exploration.

We want to graphically illustrate the algorithm in a simple example of a mountain car
(Figure 4) [26]. The task of the car is to drive at a given constant horizontal  speed ẋdesired

from the left to the right of the picture. ẋdesired  need not be met precisely; the car should
also minimize its fuel consumption. Initially, the car knows nothing about the world and
cannot look ahead, but it has noisy feedback of its position and velocity. Commands,
which correspond to the thrust F  of the motor, can be generated at 5Hz.

The mountain car starts at its start point with one arbitrary initial action for the first
time step; then it brakes and starts all over again, assuming the system can be reset some-
how. The discrete one step dynamics of the car are modeled by an LWR forward model:

x̂next = f̂(xcurrent , F), where x = ( ẋ, x)T . (4.1)

After a few trials, the SSA searches the data in memory for the point (xcurrent
T , F,xnext

T )best
T

whose outcome x̂next  can be predicted with the smallest local confidence interval. Note that
this does not imply that xnext − x̂next  is the smallest since we have noise in the data. This
best point is declared the setpoint of this stage:

(xS,in
T , FS ,xS,out

T )T = (xcurrent
T , F, x̂next

T )best
T , (4.2)

and its local linear model results from a corresponding LWR lookup:

xS,out = f̂(xS,in , FS ) ≈ AxS,in + BFS + c . (4.3)

Based on this linear model, an optimal LQ controller (e.g., [13]) can be constructed by
minimizing the cost:

J = (xk − xS,in )T Q(xk − xS,in ) + r Fk − FS( )2( )
k =1

∞

∑  (4.4)

of the regulator problem:

xk +1 − xS,out = A xk − xS,in( ) + B Fk − FS( ) , (4.5)

where Q  and r  are weight factors in matrix or scalar form, respectively. Solving this
problem results in the control law:
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F∗ = −K xcurrent − xS,in( ) + FS . (4.6)

F∗ is the optimal command under the cost J  to go from the current state xcurrent  to the set-
point xS,out  at this stage. This does not mean that the mountain car will actually reach xS,out

after applying F∗; the optimal control framework only guarantees a step towards the goal
which reduces the magnitude of the value function. In the given problem it will trade speed
accuracy for fuel consumption; the compromise between the two factors is reflected in the
choice of Q  and r . After these calculations, the mountain car learned one controlled action
for the first time step. However, since the initial action was chosen arbitrarily, xS,out  will be
significantly away from the desired speed ẋdesired . A reduction of this error is achieved as
follows. First, the SSA repeats to do one step actions with the LQ controller (which is up-
dated with every new data point) until sufficient data was collected to reduce the size of the
prediction intervals of LWR lookups for xS,in

T , FS( )T
(4.3) below a certain threshold. Then it

shifts the setpoint towards the goal according to the procedure:

1) calculate the error of the predicted output state: errS,out = xdesired − xS,out

2) take the derivative of the error with respect to the command FS  from a LWR
lookup for xS,in

T , FS( )T
 (cf. 4.3):

∂errS,out

∂FS

=
∂errS,out

∂xS,out

∂xS,out

∂FS

= −
∂xS,out

∂FS

= −B, (4.7)

 and calculate a correction ∆FS  from solving:

−B∆FS = α errS,out  , (4.8)

e.g., by singular value decomposition [31]; α ∈ 0,1[ ] determines how much of
the error should be compensated for in one step.

3) update FS : FS = FS − ∆FS  and calculate the new xS,out  with LWR (4.3).
4) assess the fit for the updated setpoint with prediction intervals. If the quality is

above a certain threshold, continue with 1), otherwise terminate shifting.
In this way, the output state of the setpoint shifts towards the goal until the data sup-

port falls below a threshold. Now the mountain car performs several new trials with the
new setpoint and the correspondingly updated LQ controller. After the quality of fit statis-
tics rise above a threshold, the setpoint can be shifted again. As soon as the first stage’s
setpoint reduces the error xdesired − xS,out  to become close enough to zero, a new stage is
created and the mountain car tries to move one step further in its world. The entire proce-
dure is repeated for each new stage until the car knows how to move across the landscape
along its line of setpoints with the associated LQ controllers. Figure 4b and Figure 4c show
the thin band of data which the algorithm collected in state space and position-action
space. These two pictures together form a narrow tube of knowledge in the input space of
the forward model. The car never tried more than one exploration step into unknown terri-
tory and thus increased its probability of being safe to a high level.
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Figure 4: The mountain car: (a) landscape across which the car has to drive at cons-
tant velocity of 0.8 m/s, (b) contour plot of data density  in phase space as generated

by using multistage SSA, (c) contour plot of data density  in position-action space
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During the times where the setpoint statistics indicate insufficient data support to
continue shifting, data collection is left to the randomness of the task dynamics. Thus the
reduction of parameter uncertainty of the setpoint’s local model also depends on this
stochastic process. In order to identify the local model correctly, the stochastic process
must provide data in all dimensions of the input and output space. If not, the regression
problem (3.1a) may be ill-conditioned, resulting in bad estimates of the local model. Such
situations were addressed by Fel’dbaum [17] as the dual control problem. In his formula-
tions, the optimal command tries to minimize the cost and the uncertainty at the same time.
So far, only expensive numerical solutions based on dynamic programming have been
found to this problem [4, 7]. As an inelegant but effective way out, we add some small
amount of random noise to the command F∗. The next section will demonstrate the impor-
tance of this measure.

Exploration has many facets. Depending on the task to be solved, random explora-
tion, exploration towards unknown state space regions, and exploration towards reduction
of uncertainty, etc., have been suggested [39]. The SSA exploration algorithm is goal di-
rected and uncertainty driven under the premise not to dare any aggressive exploration
outside the current data support. It is targeted at working in high dimensional environments
where aggressive exploration would spend too much time in inappropriate and possibly
dangerous regions. It is well suited for a real machine for which experimentation is time
consuming. The SSA requires the existence of explicit goals. However, it is not always
necessary to know these goals in advance but rather let the goals develop out of the task
definition, as will be shown in the next section. The SSA should be generally applicable to
problems which allow a decomposition in a static exploitation and a slowly moving explo-
ration time scale, which have one time differentiable forward dynamics, and where the
noise does not exceed the capabilities of the LQ controllers.

A System For Learning Experiments: Robot Juggling

We have constructed a system for experiments in real-time motor learning [40]. The task is
a juggling task known as “devil sticking”. A center stick is batted back and forth between
two handsticks (Figure 5a). Figures 5b,c show a sketch and photograph of our devil stick-
ing robot. The juggling robot uses motor 1 and motor 2 to perform planar devil sticking.
Hand sticks with springs and dampers are mounted on the robot to implement a passive
catch: the center stick does not bounce when it hits the hand stick and requires an active
throwing motion by the robot. For the time being, the problem is simplified by the center
stick being constrained by a boom to move on the surface of a sphere (Figure 5b), and mo-
tor 3 is not used. For moderate amplitudes these movements are approximately planar. The
boom also provides a way to measure the current state of the center stick. The task state is
the predicted location at which the ballistic flight of the center stick intersects with the
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hand stick held in an arbitrary but fixed nominal position xh,nominal , yh,nominal( )T
. We

chose xh,nominal , yh,nominal( )T
 to be the hand stick position of the “upright” robot as shown in

Figure 5b. As soon as the center stick does not touch the throwing hand stick anymore,
standard ballistics equations for the flight of the center stick are used to map flight trajec-
tory measurements x(t), y(t),θ(t)( )  into the 5-dimensional estimated task state vector, i.e.,
the impact state with the other hand stick held at xh,nominal , yh,nominal( )T

:

x = p,θ, ẋ, ẏ,θ̇( )T
. (5.1)

p  is the distance of the devil stick’s center of mass to the impact point hand stick–devil
stick (Figure 5b). The task command is given by a displacement xh , yh( )T

of the hand stick
from the nominal position xh,nominal , yh,nominal( )T

, a center stick angular velocity threshold to
trigger the start of a throwing motion θ̇t , and a throw velocity vector vx ,vy( )T

of the hand
stick, measured at point where the hand stick is attached to the robot .

u = xh,yh ,θ̇t ,vx ,vy( )T
. (5.2)

The dynamics of throwing the devilstick are thus parameterized by 5 state and 5 task
commands, resulting in a 10/5-dimensional input/output model for each hand. Every time
the robot catches and throws the devil stick it generates an experience vector of the form:

xk
T ,uk

T ,xk +1
T( )T

, (5.3)

where xk  is the current state, uk  is the action performed by the robot, and xk +1 is the state
of the center stick that results. Initially we explored learning an inverse model of the task,
using nonlinear “deadbeat” control to eliminate all error on each hit. Each hand had its own
inverse model of the form:

ûk = f̂ −1 xk ,xk +1( ) . (5.4)

Before each hit, the system looked up a command with the expected impact state of the
devilstick and the desired state:

ûk = f̂ −1 xk ,xd( ) . (5.5)

Inverse model learning was successfully used to train the system to perform the devil stick-
ing task. Juggling runs up to 100 hits were achieved. The system incorporated new data in
real time, and used databases of several hundred hits. Lookups took less than 15 millisec-
onds, and therefore several lookups could be performed before the end of the flight of the
center stick. Later queries incorporated more measurements of the flight of the center stick
and therefore more accurate predictions of the state xk  of the task. However, the system
required substantial structure in the initial training to achieve this performance. The system
was started with a default command that was appropriate for open loop performance of the
task. Each control parameter was varied systematically to explore the space near the de-
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fault command. A global linear model was made of this initial data, and a linear controller
based on this model was used to generate an initial training set for the memory-based sys-
tem (approximately 100 hits). Learning with no initial data was not possible.

(a)

(b)

τ3

τ1

τ2

α

θ
x, y

p τ1

τ2

(c)  INSERT PHOTO

Figure 5: (a) an illustration of devil sticking, (b) sketch of our devil sticking robot: the flow of force
from each motor into the robot is indicated by different shadings of the robot links, and a position

change due to an application of motor 1 or motor 2, respectively, is indicated in the small sketches; (c)
photograph of robot

We also experimented with learning based on both inverse and forward models. After
a command is generated by the inverse model, it can be evaluated using a memory-based
forward model with the same data:

x̂k +1 = f̂ xk , ûk( ). (5.6)
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Because it produces a local linear model, the LWR procedure generates estimates of the
derivatives of the forward model with respect to the commands as part of the estimated pa-
rameter vector β  (analog to 2.18 or 4.3). These derivatives can be used to find a correction
to the command vector that reduces errors in the predicted outcome based on the forward
model:

∂f̂
∂u

∆û = x̂k +1 − xd . (5.7)

where the goal state xd  was calculated off-line from a comparison with human juggling.
The pseudo-inverse of the matrix ∂f̂ / ∂u  is used to solve the above equation for ∆ûk  in
order to handle situations in which the matrix is singular or a different number of com-
mands and states exists (which does not apply for devil sticking). The process of command
refinement can be repeated until the forward model no longer produces accurate predic-
tions of the outcome. This will happen when the query to the forward model requires sig-
nificant extrapolation from the current database.

We investigated this method for incremental learning of devil sticking in simulations
whose dynamics were adopted from the real machine. The outcome, however, did not meet
expectations: without sufficient initial data around the setpoint, the algorithm did not work.
Two main reasons can be held responsible:

i) Similar to the pure inverse model approach, the inverse-forward model acts as a
one-step deadbeat controller. One-step deadbeat control applies large com-
mands to correct for deviations from the setpoint. In the presence of errors in
the model, this is detrimental since it magnifies the model errors. Additionally,
the workspace bounds and command bounds of our devil sticking robot limit
the size of the commands.

ii) Due to the nonlinearities in the dynamics of the robot, the 10-dimensional input
space of the forward model suffers from the first symptoms of Bellman’s
“curse of dimensionality”. Error reduction as described in (5.7) only works if
sufficient data exists at the query sites. The inevitable model errors will make
the robot explore randomly, leading to dispersed data, giving little chance for
model improvements. Imagine we had to place data in a (hyper-)cube of nor-
malized edge length 0.1. A 3-dimensional input space has 103 such cubes leav-
ing some probability to finally arrive at the goal. A 10-dimensional state space,
however, has 1010 such cubes – a prohibitive number for random exploration.

Thus, two ingredients had to be added to the devil sticking controller:

a) Control must start as soon as possible with the primary goal to increase the data den-
sity in the current region of the state-action space, and the secondary goal to arrive at
the desired goal state.
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b) Control actions must avoid deadbeat properties and must be planned to go to the goal
in multiple steps.
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Figure 6: Abstract illustration how the SSA algorithm collects data in space: a) sparse data after the
first few hits;  b) high local data density due to local control in this region;  c) increased data density on
the way to the goals due to shifting of he setpoints; d) ridge of data density after the goal was reached

Both requirements are fulfilled by the shifting setpoint algorithm (SSA). Applied to devil
sticking, the SSA proceeds as follows:

(1) Regardless of the poor juggling quality of the robot (i.e., at most two or three hits per
trial), the SSA makes the robot repeat these initial actions with small random pertur-
bations until a cloud of data was collected somewhere in state-action space of each
hand. An abstract illustration for this is given in Figure 6a to 6b.
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(2) Each point in the data cloud of each hand is used as a candidate for a setpoint of the
corresponding hand by trying to predict its output from its input with LWR. The
point achieving the narrowest local confidence interval becomes the setpoint of the
hand and an LQ controller is calculated for its local linear model. By means of these
controllers, the amount of data around the setpoints can quickly and rather accurately
be increased until the quality of the local models exceeds a certain statistical thresh-
old.

(3) At this point, the setpoints are gradually shifted towards the goal setpoints until the
data support of the local models falls below a statistical value. Shifting occurs for
both input state and output state of the setpoints (cf. Eq.4.2). After shifting, the kernel
k  (cf. Eq. (3.7)) is optimized by minimizing the local cross validation error MSEcross .
(In Figure 6, the goal setpoints are given explicitly, but they actually develop auto-
matically from the requirement to throw the devilstick increasingly close to a place,
in which the other hand has data support, i.e., xS,in,desired ,left = xS,out ,right ,
xS,out ,desired ,left = xS,in,right , and vice versa for the other hand)

(4) The SSA repeats itself by collecting data in the new regions of the workspace until
the setpoints can be shifted again (Fig. 6c). The procedure terminates by reaching the
goal, leaving a (hyper-) ridge of data in space (Figure 6d).

The LQ controllers play a crucial role for devil sticking. Although we statistically
exploit data thoroughly, it is nevertheless hard to build good local linear models in the high
dimensional spaces, particularly at the beginning of learning. LQ control has useful robust-
ness even if the underlying linear models are imprecise.

We tested the SSA in a noise corrupted simulation and on the real robot. Learning
curves are given in Figure 7. The learning curves are typical for the given problem. It takes
roughly 40 trials before the setpoint of each hand has moved close enough to the other
hand’s setpoint. For the simulation (Figure 7a) a break-through occurs and the robot rarely
loses the devilstick after that. In Figure 7b, the real robot learning curve is shown. The real
robot takes more trials to achieve longer juggling runs, and its performance is not very
consistent. This was due to the fact that the stochasticities of the robot did not sample the
full state space sufficiently well during the data collection phases of the SSA. As pointed
out in the dual control paragraph of the SSA section, we now added some random noise to
the controls generated by the LQ controllers. Figure 7c shows the remarkable improvement
in performance. On average, human beings need roughly a week of 1 hour practicing a day
before they learn to juggle the devilstick. With respect to this, the robot learned very
quickly. But the stability of our controllers is not global so far and will require future work.
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Figure 7: Learning curves of devil sticking using the SSA algorithm (a) simulation results (individual
trials were stopped after 200 hits were reached), (b) real robot results; (c) real robot results with small

amount of random noise added LQ controller commands

Discussion

In this paper we adopted a nonparametric approach to learning control. By means of locally
weighted regression we built models of the world first, and exploited the models subse-
quently with statistical methods and algorithms from optimal control to design controllers.
Despite the computational complexity of these methods, we demonstrated the usefulness of
our algorithms in a real-time implementation of robot learning.
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Using models for control according to the certainty equivalence principle is nothing
new and has been supported by many researchers in the last years (e.g., [3, 38, 22, 24]).
Using memory-based or nonparametric models, however, has only recently received in-
creasing interest. One of the favorable advantages of memory-based modeling lies in the
least commitment strategy which is associated with it. Since all data is kept in memory, a
lookup can be optimized with respect to the few open architectural parameters. Parametric
approaches do not have this ability if they discard their training data; if they retained all the
training data they essentially become memory-based. As we demonstrated in our LWR ap-
proach to nonparametric modeling, several established statistical methods may be adopted
to assess the quality of a model. These statistics form the backbone of the SSA exploration
algorithm. So far we have only examined some of the most obvious statistical tools which
directly relate to regression analysis. Many other methods may be suitable as well, particu-
larly in a Bayesian framework.

Training a memory-based model is computationally inexpensive, as the data is sim-
ply stored in a memory. Training a nonlinear parametric model typically requires an itera-
tive search for the appropriate parameters. Examples of iterative search are the various
gradient descent techniques used to train neural network models (e.g., [20]). Lookup or
evaluating a memory based model is computationally expensive, as described in this paper.
Lookup for a nonlinear parametric model is often relatively inexpensive. If there is a situa-
tion in which a fixed set of training data is available, and there will be many queries to the
model after the training data is processed, then it makes sense to use a nonlinear parametric
model. However, if there is a continuous stream of new training data intermixed with
queries, as there typically is in many motor learning problems, it may be less expensive to
train and query a memory-based model then it is to train and query a nonlinear parametric
model.

A question that often arises with memory-based models is the effect of memory limi-
tations. We have not yet needed to address this issue in our experiments. However, we plan
to explore how memory use can be minimized based on several methods. One approach is
to only store “surprises”. The system would try to predict the outputs of a data point before
trying to store it. If the prediction is good, it is not necessary to store the point. Another
approach is to forget data points. Points can be forgotten or removed from the database
based on age, proximity to queries, or other criteria. Because memory-based learning re-
tains the original training data, forgetting can be explicitly controlled.

  That computational complexity does not necessarily limit real time applications was
demonstrated with our successful devil sticking robot. We are able to do lookups for mem-
ory-based local models in less than 15ms for a thousand data points modeling a 10 to 5
mapping, and we are able to build on-line LQ controllers in another 5ms. The initial short-
comings of our deadbeat inverse or inverse-forward model controllers are not due to the
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LWR learning algorithm but rather to the inherent problems of this kind of control. As has
been pointed out by Jordan and Rumelhart [22], inverse models are not goal-directed and
perform data sampling in action and not state space. They do not establish a connection be-
tween a certain sensation and a certain action but rather a connection between two sensa-
tions. Hence, they do not learn from bad actions. A forward model overcomes these prob-
lem. Pure forward model controllers, however, are still deadbeat controllers which try to
cancel the plant dynamics in one step. This results in large commands if the system devi-
ates only moderately from its desired goal and conflicts with the workspace bounds and
command bounds of our robot. Additionally, modeling errors are strongly amplified by
deadbeat control. Accurate data sampling, as it is necessary in high dimensional spaces,
becomes thus rather difficult.

Due to the statistical properties of locally weighted regression, a simple exploration
algorithm like the shifting setpoint algorithm is powerful enough to accomplish the desired
task. Deadbeat control was replaced by LQ control which naturally blends into the LWR
framework. By no means was the SSA algorithm intended to replace high-level controllers.
Indeed, it remains to be explored in how far the chaining of individual LQ controllers is
actually robust, and whether an approach from trajectory optimization [13] would not be
more appropriate. In favor of the SSA algorithm stands its easy implementation for real-
time systems.

Two crucial prerequisites entered our explanations on robot learning. First, we as-
sumed we know the input/output representations of the task, and second, we were able to
generate a goal state for the SSA exploration. A good choice of a representation is crucial
in order to be able to accomplish the goal at all [33, 35], and we have very limited insight
so far how to automate this part of the learning process. Of equal importance is a good
choice of a goal state. In devil sticking, the goal state developed out of the necessity that
the left and right hand have to cooperate. The initial action, however, which was given by
the experimenter, clearly determined in which ballpark the juggling pattern would lie.
Certain patterns of devil sticking are easier than others [34], and we picked an initial action
of which we knew that it was favorable. One part of our future work will address these is-
sues in more detail in that we search for good initial actions and strategies to approach a
task [6].

Conclusions

The paper demonstrated that a real robot can indeed learn a non-trivial task. As pointed out
above, by taking input/output representations and good learning goals as given, a large
portion of the task was already solved in advance. Solving the remaining problems became
practicable mainly because of the characteristics of the LWR learning method. The local
linear models that this algorithm generated at every query point allowed us to make use of
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optimal control techniques which added useful robustness to the controllers. Since LWR is
memory-based, the local linear models could be optimized with respect to statistical uncer-
tainty measures. These measures also served as the basis of the SSA exploration algorithm.
Such statistical tools are not generally available in learning. LWR is particularly suited to
exploit statistics since it originates from a statistical method, and we could thus easily as-
sure compatibility of the statistics and the learning algorithm. As a last point, LWR does
not suffer from problems of interference when being trained on new data. Interference
means a degradation of performance in one part of the model when training the model with
data relevant for different parts. Such an effect could happen during SSA shifting if a
parametric learning method were applied. But since lookups with LWR are affected only
by a small cloud of data in the neighborhood of the query point, interference problems are
greatly reduced.

Our future work will focus on extending LWR model-based control to multistage
problems in the optimal control domain. Devil sticking should not only be stable within the
validity of the local linear controllers but rather exhibit global stability. This requires non-
linear optimal control and planning techniques which we are currently exploring. Future
work must furthermore address how we could approach tasks in which complete measure-
ments of the states are not available, or what constitutes a state is not even known.
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Appendix A

The conversion from unweighted linear regression to locally weighted regression analysis
is done mostly by inserting the matrix W at the appropriate sites. The definitions of the pa-
rameters n’ and p’, however, need some explanation. Imagine the weighting function is not
a soft-weighting function (e.g., a Gaussian) but rather a hard-weighting function clipping
off points beyond a certain threshold: wi = 1 if d 2 < ε, otherwise wi = 0. Redefining
n to n’ accommodates such a k-nearest neighbor weighting and transforms the n-point re-
gression problem to an k-point regression. If p stays unchanged, all statistics would corre-
spond to unweighted regression. Subtraction of p from n to calculate variances aims at
achieving unbiased estimators. For LWR, it is easily possible to find the case where n’<p.
In the above mentioned k-nearest neighbor example, this would mean that we do not have
sufficient data support for the regression model. For soft-weighting functions, the problem
cannot be resolved so clearly; we could always imagine scaling up all weights by a con-
stant factor so that wi

2

i=1

n∑ = n  which would not change the regression variables. LWR
weights data with respect to each other and not absolutely. Applying n’ instead of n to cal-
culate variances or mean squared errors makes such measures invariant towards mere
weight scaling; this can easily be verified by setting wi = wi ⋅ const.. Defining p’ in the
given way avoids problems when n’<p. The bias introduced this way should diminish with
an increasing number of data points in memory. One could argue in favor of neglecting p
entirely, but incorporating it in the given way makes the statistics stay on the more pes-
simistic side which seems reasonable.
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The only statistics which see a direct influence of a weight scaling are the prediction
intervals and the standardized individual PRESS residuals. Restricting the weights to the
range [0,1] and requiring that the weight of a point with zero Euclidean distance from the
lookup point equals 1 resolves this problem. The dependence of the t-value on n’-p’ in the
prediction intervals increases the t-value and thus the prediction intervals with diminishing
n’. The smallest value t may acquire is for n=n’, i.e., unweighted regression. The standard-
ized individual PRESS residual ei,cross  is proportional to the magnitude of the i-th weight.
As we pointed out in Section x3, this measure has zero mean and unit variance. With in-
creasing distance from the current query point, it will be weighted down, i.e., the likeli-
hood of being an outlier diminishes even if ei,cross  is rather large. As the weights cannot be
larger than 1, ei,cross  cannot assume larger values as for unweighted regression.

It must be pointed out that statistics literature provides much more sophisticated and
mathematically exact statistics for locally weighted regression [19, 28, 14, 11]. However,
most of these measures require the estimation of Hessians and/or data densities which for
high dimensional problems are not readily adapted without numerical problems. Our LWR
statistics are used to tune fit parameters and need not give precise statistical assessments.

Table 1:

Unweighted Linear Regression Locally Weighted Regression

number of data
in regression n n , we define: ′n = wi

2

i=1

n

∑ ,

wi ∈ 0,1[ ], wi = 1 if x i = xq ,

xq  is the current query point

number of re-
gression pa-

rameters
p p , we define: ′p = ′n

n
p

matrix and vec-
tor definitions
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regression
model

Xβ = y WXβ = Wy

sum squared
error = residual

error

SSEres = Xβ − y( )T Xβ − y( ) SSEres = Xβ − y( )T WT W Xβ − y( )

normal equa-
tions XT X( )β = XT y XT WT WX( )β = XT WT Wy
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solution for re-
gression pa-

rameters
β = XT X( )−1

XT y β = XT WT WX( )−1
XT WT Wy

variance of
residuals s2 =

Xβ − y( )T Xβ − y( )
n − p

s2 =
Xβ − y( )T WT W Xβ − y( )

′n − ′p

mean squared
cross validation

error  (mean
PRESS resid-

ual)

MSEcross = 1
n − p

yi − x i
Tβ

1 − x i
T XT X( )−1

x i




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
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
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n

∑
2
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′n − ′p

wi yi − x i
Tβ( )

1 − wix i
T XT WT WX( )−1

x iwi
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
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



i=1

n

∑
2

prediction in-
tervals

Ii = x i
Tβ ± tα / 2,n− p s 1 + x i

T XT X( )−1
x i

where tα / 2,n− p  is Student’s t-value of n-p

degrees of freedom for a 100(1-α )% pre-
diction bound

Ii = x i
Tβ ± tα / 2, ′n − ′p s 1 + x i

T XT WT WX( )−1
x i

where tα / 2, ′n − ′p  is Student’s t-value of n’-p’ degrees of

freedom for a 100(1-α )% prediction bound

standardized
individual

PRESS resid-
ual

ei,cross = yi − x i
Tβ

s 1 − x i
T XT X( )−1

x i

ei,cross =
wi yi − x i

Tβ( )
s 1 − wix i

T XT WT WX( )−1
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