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Abstract—For robots of increasing complexity such as hu- robots such as humanoid robots have signi cant additional
manoid robots, conventional identi cation of rigid body dynamics  nonlinear dynamics beyond the rigid body dynamics model,
models based on CAD data and actuator models becomesye 1o gctuator dynamics, routing of cables, use of profecti

dif cult and inaccurate due to the large number of additional - :
nonlinear effects in these systems, €.g., stemming from stiff shells and other sources. In such cases, instead of trying to

wires, hydraulic hoses, protective shells, skin, etc. Data driven €Xplicitly model all possible nonlinear effects in the rabo
parameter estimation offers an alternative model identi cation empirical system identi cation methods appear to be more
method, but it is often burdened by various other problems, yseful. Under the assumption that a rigid body dynamics
such as signi cant noise in all measured or inferred variables (RBD) model is suf cient to capture the entire robot dynasyic

of the robot. The danger of physically inconsistent results also |, . . . .
exists due to unmodeled nonlinearities or insuf ciently rich data. this problem is theoretically straightforward as all urimo

In this paper, we address all these problems by developing a Parameters of the robot such as mass, center of mass and
Bayesian parameter identi cation method that can automatically inertial parameters appear linearly in the rigid body dyitam
detect noise in both input and output data for the regression equations [3]. Hence, after an appropriate re-arrangemient

algorithm that performs system identi cation. A post-processing 1na RBD equations of motion, parameter identi cation can be
step ensures physically consistent rigid body parameters by f d with i ¢ techni

nonlinearly projecting the result of the Bayesian estimation onto performed with linear regression tec ”'ques- . .
constraints given by positive de nite inertia matrices and the ~ Several problems, however, make this seemingly straight-
parallel axis theorem. We demonstrate on synthetic and actual forward empirical RBD system identi cation approach more
robot data that our technique performs parameter identi cation  challenging. Firstly, for high dimensional robotic systerit is

with 5 to 20% higher accuracy than traditional methods. Due not easy to generate suf ciently rich data so that all paranse

to the resulting physically consistent parameters, our algorithm . .
enables us to apply advanced control methods that algebraically will be properly identi able. Secondly, sensory data cotied

require physicaj Consistency on robotic p|atforms. from a robot is nOisy. Noise sources exist in both input
and output data, and this effect is additionally ampli ed by
|. INTRODUCTION numerical differentiation done to obtain derivative datani

Advanced robot control algorithms usually rely on modekhe sensors. Traditional linear regression techniquesale
based control techniques in order to accomplish a desivedl lecapable of dealing with output noise, and the presence ot inp
of accuracy and compliance. Typical examples include comeise introduces a persistent bias to the regression eoluti
puted torque control, inverse dynamics control and opanati Digital Itering of the data can eliminate some noise, but it
space control [1], [2]. Depending on their sophisticatithrese often eliminates important structure as well. Techniqudste
model-based controllers also have different levels of detea such as Total Least Squares (TLS) [4], [5], otherwise knosn a
on the quality of the identied robot model. For instanceorthogonal least-squares regression [6], to perform petam
computed torque control is generally rather insensitive &stimation, but it assumes that the variances of input reoise
modeling errors, while operational space control, with itsutput noise are the same [7]. In real-world systems whése th
explicit use of both the rigid body dynamics inertia matmda assumption does not hold, the resulting parameter estimate
the centripetal/Coriolis force vector, degrades signitta in ~ will be biased [8]. Thirdly, there is no mechanism in the
face of modeling errors. Thus, accurate model identi catioregression problem for RBD model identi cation that ensure
is a highly important topic for advanced robot control, anthe identi ed parameters are physically plausible. Patédy
many modern robotics applications rely on it (e.g., as irtisapin the light of insuf ciently rich data and nonlinearitiegond
robotic devices, robotic surgery and the safe applicatibn the RBD model, one often encounters physically incorrectly
compliant assistive robots in human environments). identi ed parameters such as negative values on the didgona

Ideally, system identi cation can be performed based on thed an inertial matrix. Using physically incorrect data in ded-
CAD data of a robot provided by the manufacturer, at leakaised control leads to dangerously unstable controlldrs. T
in the context of rigid body dynamic systems—which will benal problem with empirical RBD system identi cation is tha
the scope of this paper. However, many modern light-weighdtme RBD parameters of a robot are not identi able at all [3].



As a result, the regression problem for RBD parameter estimia be suitable for this dimensionality. The re-arrangenunt

tion is almost always numerically ill-conditioned and ketite the RBD equations for parameter estimation creates a matrix

danger of generating parameter estimates that strongigtéevwhere the input vectors are arranged in the rows of the

from the true values, despite a seemingly low error t of thenatrix X and the corresponding scalar outpytsare the

data. coef cients of the vectory. A general model for such linear
Various methods exist to deal with some of the problemegression with noise-contaminated input and output data i

mentioned above such as regression based on singular-value

decomposition (SVD), ridge regression to cope with the ill- y x Wor t +

conditioned data [9], or TLS and orthogonal-least squares Lo (1)

to address input noise [6]. Nevertheless, a comprehensive

approach to address the entire set of issues has not been

suggested so far. Recent work such as [10] has addresséagred is the number of input dimensiorisjs noiseless input

the problem of input noise, but in the context of systemlata composed df, componentsw, andwy are regression

identi cation of a time-series, while ignoring the probleras- vectors composed of,m andwy, components respectively,

sociated with ill-conditioned data in high dimensionalega and y and y are additive mean-zero noise. Oy andy

In this paper, we suggest a Bayesian estimation approachate observable. Note that if the input data is noiselesg (tha

the RBD parameter estimation problem that has all the dgsiis, Xm = Wym tm) and if we setwy, = 1, then we obtain

Xm = Wymtm + xm

properties: the familiar linear regression equation p& w,"x +  for
Explicitly identi es input and output noise in the data Nnoiseless input data and noisy output data. The slightlyemor
Is robust in face of ill-conditioned data general formulation above will be useful in preparing owelo
Detects non-identi able parameters estimation algorithm.
Produces physically correct parameter estimates The OLS estimate of the regression vectops is

A key component of our technique is a recently developéa(TX) XTy, where os is composed of the parameters
Bayesian machine learning framework that enables us tarecz and wx, as discussed in the following paragraph. The
ordinary least squares (OLS) regression in a more advanci major issue with OLS regression in high dimensional
algorithm for input noise clean-up and numerical robustnes$Paces is that the full rank a_ssumptlon(m‘TX) ! is often
especially for very high dimensional estimation problesas. Violated due to underconstrained datasets. For more 308n
post-processing step ensures that the rigid body parasrater input dimensions, the matrlx inversion requwed in OLS also
physically consistent by nonlinearly projecting the resuf becomes rather expensive. Ridge regression can x the prob-

the Bayesian estimate onto the constraints. We will skéteh t€m of ill-conditioned matrices by introducing an uncoiigd
derivation of this algorithm and compare its results withest @mount of bias. There exist also alternative methods tarinve
approaches in the context of identi cation of RBD parametefn€ matrix more ef ciently [11], [12], as for instance thiglu
on synthetic data and on a robotic vision head. On average, §{i9ular value decomposition factorization (e.g., usihg t
algorithm achieves & to 20% improvement when comparedMaﬂab pinv() function). Nevertheless, all these methods a

to other standard techniques for the identi cation of RBYNaPle to model noise in input data and require the manual
parameters. tuning of meta parameters, which can strongly in uence the

The remaining paper is structured as follows. First, wauality of the e_stim_ation resul_ts. Moreover, _inthe case BDR
motivate the problem of input noise in linear regressioﬂarameter est!matlon, there is no mecha_msm that ensuges th
problems and outline possible solutions. Then, based meth@arameter estimates are physically consistent. _
insights, we develop a novel estimation technique thatrinco !f we examine Eq. (1), we see that if the input data is
porates input noise detection and employs Bayesian regufapiseless (that isxm = Wxm tm), the true regression vector
ization methods to ensure robustness of the algorithm For il true Will be composed of the coef cient®/; , =k, . Thisis
conditioned data. Third, we add a post-processing step to &¥actly what the OLS estimate of the regression vector will
algorithm that enforces physical correctness of the esichaP€ for noiseless input data. However, when the input data
RBD parameters. Finally, we evaluate our approach for RB® contaminated with noise, it can be shown that the OLS
parameter estimation on synthetic data, or7 alegree-of- estimate will be oisnoise = we , Where0 < < 1,

freedom (DOF) robotic vision head and orl@ DOF robotic where its exact value depends on the amount of input noise.
anthropomorphic arm. Thus, OLS regression underestimates the true regressitorve

rue - FOr the application of RBD parameter estimation, we

Il. HIGH DIMENSIONAL REGRESSION WITHINPUTNOISE  gptain a persistent bias in the model identi cation sucht tha

Before describing our solution to RBD parameter identi cathe model is inaccurate, and this is a problem that cannot be
tion, it is useful to examine some of the problems associatee@d by simply adding more data.
with traditional estimation methods. For robot systemshwit Intentionally, the input/output noise model formulatiam i
many DOFs, the linear regression problem for identifyingq. (1) was chosen such that it coincides with a version of
RBD parameters has hundreds of dimensions, i.e., at Iasta well-known algorithm in the statistical learning comntyni
parameters for every DOF. Hence, estimation algorithmsl neealled Factor Analysis [13]. The intuition of this model is



Q 1O
M) oy
O 0O

(a) Joint Factor Analysis (JFA) (b) A modi ed model of JFA for (c) A Bayesian version of JFA
ef cient estimation

Fig. 1. Graphical Models for Noisy Linear Regression. Rand@riables are in circular nodes, observed random vasadnle in double circles and point
estimated parameters are in square nodés.the total number of input dimensions while is the total number of samples in the dataset.

given in Figure 1(a): every observed inpyt, and outputy; Due to the hidden variables,, andtj,, we formulate the

is assumed to be generated by a set of hidden varidlles estimation of all open parameters as a maximum likelihood
and contaminated with some noise, exactly as given in Eq. (#ptimation problem using the Expectation-MaximizatioM{E
The graphical model in Figure 1(a) compactly describes tladgorithm [15]. For this purpose, the following standard as
full multi-dimensional system: the variableg, , tim , Wxm  Sumptions about the probability distributions of the ramdo
andw,, are duplicatedl times for thed input dimensions of variables are made:

the data—represented by the inner plate containing foursiode

TS .
The outer plate shows that there &lesamples of observed yi  Normall'z; y)
fx;yg data. The goal of learning is to nd the parameters Zm  Normalw;mtim; zm)
Wym and w;m, which can only be achieved by estimating Xim  Norma(Wxm tim ; xm )

the hidden variables,, and all noise processes as well. For
technical reasons, it needs to be assumed that,alfollow

a normal distribution with mean zero and unit variance, i.eyhere 1 = [1;1;::1]", z; is ad by 1 vector,w, is a d

tim  Normal0; 1), such that all parameters of the model argy 1 vector composed ofv,, elements andvy, ,, and
well-constrained. The specic version of factor analysts f | are similarly composed ofiym, ,m and ,m elements,
regression depicted in Figure 1(a) is called joint-spacetdfa respectively. As Figure 1(b) shows, the regression coefits
Analysis or Joint Factor Analysis (JFA), as both input ang,,, are now behind the fan-in to the outpyt This decou-
output variables are actually treated the same in the estinpaes the input dimensions and generates a learning algorith
tion process, i.e., only their joint distribution mattewhile that operates witlD(d) computational complexity, instead of
Joint Factor Analysis is well suited for modeling regressioQ(d®) as in traditional Joint Factor Analysis.

models with input noise, it does not handle ill-conditioned The efcient maximum likelihood formulation of Joint

data very well and is computationally very expensive fothhigFactor Analysis is, however, still vulnerable to ill-cotidhed
dimensions. data. Thus, we introduce a Bayesian layer on top of this model

In the following section, we will develop a Bayesian treathy treating the regression parameters andw, probabilis-

ment of Joint Factor Analysis that is robust to ill-conditgml tically to protect against over tting, as shown in Figurec)l(

data, automatically detects non-identi able parametems, a To do this, we introduce so-called “precision” variableg

due to some post-processing, produces physically consistever each regression parameteys,. The same , is also
parameters for RBD—all in a computationally ef cient way. used for eachw,, . As a result, the regression parameters

are now distributed as followsv,,, Normal0;1= ) and

Ill. BAYESIAN PARAMETER ESTIMATION OF NOISY Wym Normal0; 1= ), where ., takes on a Gamma
LINEAR REGRESSION distribution. The rationale of this Bayesian modeling t@qe

Ei 14 trates th . di cati ftis as follows. The key quantity that determines the releganfc
gure emonstrates the successive modi cations o eregression input is the parametey,. A priori, we assume

graphical model needed to derive a Bayesian version of Jofﬁét everyw,,, has a mean zero distribution with variance

Factor Analysis regression. As a rst step, we introduce tr‘f_
. ; ’ o = . If the value of an , turns out to be very large after
hidden variableszi, such thatziy, = Wymtim. This trick m m ylarg

. . [l model parameters are estimated, then the correspondin
was introduced by [14] and allows us to avoid any form P P g

Hix i on in th lting | . laorithm. Wit osterior distribution ofv,, must be sharply peaked at zero,
matrix inversion in the resulting learning algorithm. S thus giving strong evidence that,, = 0 and that the

mod! cation, the no!sy linear regression model in Eq. (1) 'ﬁwputtm contributes no information to the regression model.
modi ed to become: If an input t,, contributes no information to the output,
xd then it is also irrelevant how much it contributes g, .
Yi = Zim + oy (2) Hence, the corresponding inputs, could be treated as pure
m=1 noise. Coupling bottw,, andwy, with the same precision

tim Normal0; 1)



variable ,, achieves this effect. In this way, the Bayesiai. Inference of Regression Solution
approach automatically detects irrelevant input dimersend
regularizes against ill-conditioned datasets.

Even with the Bayesian layer added, the entire regress
problem can be treated as an EM-like learning problem [1
Given the dateD = fXx;;y; giN:l , our goal is to maximize the

lcigt“,'felhhoﬁ(d :%g p(dij)’ I\INEISQ IS oftebn g.?”f.d an .“lglcom- consider the predictive distributiop(y9jx9) for a new noisy

&2r3in§l?zel deéuctJOH(?v?/e?/er ! dueen tgrgnZI;tlii;I: ;?(;E‘Ie::;e test inputx? and its unknown outpuy®. We can calculate
) : ; div Qi o . PP

do not have access to this incomplete likelihood, but rat\rﬁg/r X, the mean of the distribution associated witlyjx*),

L q o .
only to a lower bound of it. This lower bound is based oogri(;%T:Sm%ngme_on X and marginalizing out all hidden

Estimating the rather complex probabilistic Bayesian nhode
ifor Joint Factor Analysis reveals distributions and mednes

! all hidden variables. One additional step, however, is

quired to infer the nal regression parameters, which, in
our application, are the RBD parameters. For this purpose, w

an expected value of the so-called “complete” data likeltho 7 7
Hogp(y;Z;T;wZ;wx; ; jX)i, formulated over all variables p(yTjx9: X ;Y ) = p(y%: Z: Tjx%: X ;Y )dzdT
of the learning problem, where:
logp(y;Z;T;wz;Wy; ; jX) whereX andY are the data used for training. We can infer
N R X the value of the regression estimétesincehy®jx% = B x9.
= logp(yijzi) + log p(Zim jWzm ; tim ) Since an analytical solution for the integral above is only
i=1 i=1 m=1 possible for the probabilistic Joint Factor Analysis moiel
xd X xd Figure 1(b) and not the full Bayesian treatment, we restuict
+ log p(Xim jWxm ; tim ) + log p(tim ) computations to the simpler probabilistic model, assuntfivag
i=1 m=1 i=1 m=1 the results will hold in approximation for the Bayesian mlode
xd The resulting regression estimate, given noisy inpttsand
+ logfp(Wzmj m)P( m)g noisy outputsy?, is Bhoise
m=1

+  logfp(Wxmj m)P( m)g
The expectation of this complete data likelihood should BéNere x is a diagonal matrix with the vector, on its diago-
taken with respect to the true posterior distribution oftadl- ngl (W i, W i, oz are similarly de ne_d c_hagonal matrices
den variable®( : W, wy:Z:T). Unfortunately, this is an an- v_wth vectors oftwyi, hNTZI and , ?n theerd|agonaIs, respec-
alytically intractable expression. Instead, a lower booad be tVely), A = I+ W, Wy W W, and
formulated using a technique from variational calculus rgheB = % + ! LW LiTA THWLi L Note
we make a factorial approximation of the true posterior ithat Eq. (3) is similar in form to the regression estimateveer
terms of:Q(; Wz ;wx;Z;T) = Q( )Q(w2)Q(wx)Q(Z;T). for Joint Factor Analysis regression (which can be found in
While losing a small amount of accuracy, all resulting poghe Appendix). The major difference is that Eqg. (3) contains
terior distributions over hidden variables become anedjty an additional termW W, ', due to the introduction of
tractable and have the following distributions: hidden variablesz. The regression estimate is scaled by an
additional term as well.

It is important to note that the regression vector given
by Eq. (3) is for optimal prediction frormoisy input data.
Wzmj m  Normal0; 1= n) However, for system identi cation in RBD, we are interested
Wxnj m  Normal0;1= ) in obtaining the true regression vector, which is the regjozs
vector that predicts output fromoiselessinputs. Thus, the
result in Eq. (3) is not quite suitable and what we want to
As a nal result, we now have a mechanism that infers thgalculate is the mean @{y%jt%) wheret are noiseless inputs.
signi cance of each dimension's contribution to the obgerv To address this issue, we can take the asymptotic estimate
outputy and observed inputg. The resulting EM update of Eq. (3) by letting x ! 0 and interpret the resulting
equations are listin the Appendix. The nal regression 8olu expression to be the true regression vector for noisel@sgsn
regularizes over the number of retained inputs in the regses (as , | 0, the amount of input noise approach@s The

vector, performing a functionality similar to Automatic IBe resulting regression vector estimdige becomes:
vance Determination (ARD) [17]. Notably, the EM updates

y1'B * Tpy i a 1 T
ﬁwise = 1T 11 2 W i A~ HW i X (3)
y

X z

vijzi  Norma(1'z; )
Ziijzm NormaKWzmtim; zm)

m Gammdga _ ;b )

i i iterati 1Tc 1 . :
have a c_omputatlon comp!exny c[p(d) per EM iteration, Broe = y - levle AW, 4)
whered is the number of input dimensions, instead of the y 1TC 11
O(d®) of Joint Factor Analysis that arises due to a matrix ; L o _ _
inversion. The nal result is an ef cient Bayesian algorith whereC = -+ % which is the desired regression

y
that is robust to high dimensional ill-conditioned noisytada vector estimate.



B. Post-processing for Physically Consistent Rigid Body Pthen be simpli ed in order to obtain:
rameters 1 .
é(y X optrep ) (Y X optrED )
Given a Bayesian estimate of the RBD parameters, we D . E .
would like to ensure that the inferred regression vectads sat = S (y X gayes) (Y X Bayes) ™
the constraints given by positive de nite inertia matricasd T E
the parallel axis theorem. These constraints are shown in Eq * (y X Bayes) X +
(5) for one DOF. There ardl parameters for each DOF,yotice that the minimizatn of the rst term
which we arrange in aril-dimensional vector consisting (Y X Bayes )T (Y X Bayes) is what our Bayesian

of t?e_ fo{lowmlgt]_ 1|Q gzzrarg}eters: masz, t.hrge ct;.eTter of rr;a%';!\/l-based algorithm does, since it nds the unconstrained
coet cients muttiplied by the mass and six inertial paraars parameter estimates that minimize the least squares error

(cf. [3]). Additionally, we include viscous friction as theusing the noisy input and output data. The second term in

tlltg paramettera Thow’ tE'S paralr_neter tvect?rls ats_sun;ed Eq. (7) is equal td (refer to the Appendix for details). Now,
o0 be generate rough a nonlinear transformation from.@a, re-express the noisy inputé as X, + , where X,

1.1-dimensional vi/(tual parameter vectOr In essence, theseare noiseless inputs and is the input noise, then we can
virtual parameters correspond tp the square root of the_mas?e—write the third term in Eq. (7) as:

the true center-of-mass coordinates (i.e., not multipld

the mass), the six inertial parameters describing the ia'nert} TxTx

matrix at the DOF's center of gravity, and the square root

TXTX

NI =

of the viscous friction coefcient. The following functien = 1 ™™ + T"™x7hi + Lo
show the relationship between virtual paramefésd actual % 2
parameters: =5 T xTx+ T
(8)
_ N2, ANAY) AN N N AY]

1= 7% =0 = =N =Y since the input noise is modeled with a Gaussian distributio

n NN M
5T 4% 3 1
AN ANN.

56 231,7= 5
N, NN
et gt 2t 4 1
NN NN N NN
67t 809 341

A A NN
7

with a mean of zero and some variancg. Hence, as the
above equation shows, to minimize the third term in Eq. (7),
we need to nd the parameter estimatg,rsp that is closest

t0 gayes , Under the metricX T X (plus noise variance), as
possible. In summary, we can see that in order to minimize the
least squared error in Eq. (6), we can do so in two independent
minimization steps. First, we apply our Bayesian algorithm

10="2+"%+ "+ 24+72 "2 (5) (or any other algorithm, for that matter) to come up with

an optimal unconstrained parameter estimate. Then, we nd

the physically consistent parameter estimatgsrep Such

These functions encode the parallel axis theorem and SOfRgt the error betweenrsp and the optimal unconstrained
additional constraints, essentially ensuring that maskvést parameter estimates is minimized in the sense of Eq. (8).
cous friction coef cients remain strictly positive. Givetine

above formulation, any arbitrary set of virtual parametgves IV. EVALUATION

rise to a physically consistent set of actual parameterghior ~ We evaluated our algorithm on both synthetic data and
RBD problem. For a robotic system withDOFs, Eq. (5) is robotic data for the task of system identi cation. The goal

repeated for each DOF. The result is a regression vegtorof these evaluations was to determine how well our Bayesian
where ., = fm(") (for m = 1::d whered = 11s ands is the de-noising algorithm performs compared to other standard
number of DOFs in the system). techniques for parameter estimation in the presence ofynois

Our Bayesian parameter estimation method (as well as dA§Ut data. _ _ _
other traditional RBD parameter estimation method) geeera . /St We start by evaluating our algorithm on a synthetic
the parameter vector, not the virtual parameter§. We dataset in order to illustrate its effectiveness at deingis
want to nd the optimal parameters,rsp that satisfy the MPUt and output d?ta. Then, we a;]pply the algorithms on a
physical RBD constraints while minimizing the least sqadare/ POF robotic oculomotor vision head and onl@ DOF

error in the prediction. That is to say, we want to minimize:rObOtiC anthropomorphic arm for the task of RBD parameter
estimation.

A. Synthetic Data Set

We synthesized random input training data consistingCof
relevant dimensions an@o irrelevant and redundant dimen-
sions. The rst10input dimensions were drawn from a multi-
). Eqg. (6) can dimensional Gaussian distribution with a random covaganc

1
E(y X optreD )| (Y X optRED ) (6)

We can re-expressgptrep @S ( Bayes



@ oLs STEP EPLS [ LASSO [JJFA M BAYES under the control of a manually set tuning parameter; our
probabilistic treatment of Joint Factor Analysis in Figd(@®);

0.25 and our Bayesian de-noising algorithm shown in Figure 1(c).
The Bayesian de-noising algorithm had an improvement of
0.2 10 to 20% compared to other algorithms for strongly noisy
L 0.5 T TTTTL 1111 ?nput data and an improvem_ent. @fto 50% for less r_10isy
0 input data, as the black bars in Figures 2(a) and 2(b) itistr
S 011 T One interesting observation is that for the case wherethe
input dimensions are all irrelevant, the Bayesian de-ngisi
0.05] T algorithm does not give such a signi cant reduction in error
as in the other3 scenarios. This can be explained by the
O’rzgoy u=0 | =0, u=90 ! r=30, u=60 | r=60, u=30 facc;jt tf:jat the otrclierhalgc;]rithms cannot hfandle :jata} r::on:ginip
. _ _ redundancy, and that the true power of our algorithm lies in
(2) Training & Test NMISE for SN =2, SR, =5 its ability to identify relevant dimensions in the preserafe
0.25 T redundant and irrelevant data.
0.2 B. Robotic Oculomotor Vision Head
L 0.15 T Next, we move on to & DOF robotic
2 vision head manufactured by Sarcos as
S 01 shown in Figure 3, possessiBgDOFs in
I % % the neck an® DOFs for each eye. With
0.05 i EH h—Lr 11 features per DOF, this gives a total
Oﬁmm of 77 features. This kinematic structure
r=90, u=0 ' r=0,u=90 ' r=30, u=60 ' r=60, u=30 of robotic systems always creates non-

identi able parameters and thus, redun-
(b) Training & Test NMSE for SNR =5, SNR, =5 dancies [3]. The robot is controlled 420
Fig. 2. Average normalized mean squared errors on noiselé&snjctest Hz with a V)_(W()rks real-time operating Fig. 3. Sgrcos Ocu-
data and noisy test data forl®0 dimensional dataset withO relevant input  SyStem running out of a VME bus. Welomotor Vision Head
dimensions and various combinations of redundant input dimess and collected about 500,000 data points from the robotic system
:Igt?lsivgggnput dimensiona, averaged ovetO trials, for different levels of while .it performed sinusoide}l movements with varying fre-
guencies and phase offsets in all DOFs.

We compared our Bayesian algorithm wighother tech-
matrix. The output data was generated using an orderg@ues for parameter estimation on the robot data. The rst
regression vectobye = [1;2;::;10]. A signal-to-noise technique consisted of ridge regression using a hand-tuned
ratio (SNR) of5 was added to the outputs. Then, we addeg@gularization parameter with nonlinear gradient despent
Gaussian noise with varying SNRs (a SNR2for strongly formed on the virtual parameters of the system. The second
noisy input data and a SNR & for less noisy input data) a|gorithm was a version of LASSO regression that had the
to the relevant10 input dimensions. A varying number of additional step of projecting the resulting parameter eslu
redundant data. vectors was added to the input data. a.nd tf‘@% the Constraint Space in order to produce phys|ca”y
were generated from random convex combinations oflfhe consistent RBD parameters. Finally, the last algorithm was
noisy relevant data vectors. Finally, we added irrelevatad g version of stepwise regression with the additional ptajac
columns, drawn from a Normé; 1) distribution, until a total step. All four algorithms produced physically consiste®IR
of 100 input dimension were attained. The result was gfarameters. Note that the other algorithms used in the sgiath
input training dataset that contained irrelevant and rddob qataset like PLS and JFA were not applied, since they fail
dimensions. Test data was created using the same met@@explicitly eliminated irrelevant input features and dot n
outlined above, except that input and output data were bgfBrform any form of reasonable parameter identi cation.
noiseless. A second test dataset consisting of noisy inmilit 8 For evaluation, we implemented a computed torque control
output data, possessing the same noise characteristit®asgy on the robot, using estimated parameters from each
training dataset, was also generated. technique. Results are quantied as the root mean squared

We compared our Bayesian de-noising algorithm with therrors in position tracking, velocity tracking and the root
following methods: OLS regression; stepwise regressi&j, [1 mean squared feedback command. Table | shows these results
which tends to be inconsistent in the presence of collineaveraged over all 7 DOFs. The Bayesian parameter estimation
inputs [19]; Partial Least Squares regression (PLS) [20],approach performed arouriD to 20% better than the ridge
slightly heuristic but empirically successful regressinathod regression with gradient descent approach, thus valigldtia
for high dimensional data; LASSO regression [21], whickffectiveness of our methods. LASSO regression performed
gives sparse solutions by shrinking certain coef cientsOto worse than ridge regression with gradient descent. As well,



Position (radians) | Velocity (radians/sec) | Feedback Command (Newton-meter)
Ridge Regression 0.0291 0.2465 0.3969
Bayesian De-noising 0.0243 0.2189 0.3292
LASSO regression 0.0308 0.2517 0.4272
Stepwise regression FAILURE FAILURE FAILURE
TABLE |

ROOT MEAN SQUARED ERRORS FOR POSITIO{UN RADIANS), VELOCITY (IN RADIANS/SEC) AND FEEDBACK COMMAND (IN NEWTON-METERS) FOR THE
SARCOS ROBOTIC VISION HEADR ALGORITHMS EVALUATED INCLUDE RIDGE REGRESSION WITH NONLINBR GRADIENT DESCENT, OUR BAYESIAN
DE-NOISING ALGORITHM, LASSOREGRESSION WITH THE PROJECTION STERND STEPWISE REGRESSION WITH THE PROJECTION STEBTANDARD
DEVIATIONS ARE NEGLIGIBLE AND THUS OMITTED.

Position (radians) | Velocity (radians/sec) | Feedback Command (Newton-meter)
Ridge Regression 0.0210 0.1119 0.5839
Bayesian De-noising 0.0201 0.0930 0.5297
LASSO regression FAILURE FAILURE FAILURE
Stepwise regression FAILURE FAILURE FAILURE
TABLE I

ROOT MEAN SQUARED ERRORS FOR POSITIO(UN RADIANS), VELOCITY (IN RADIANS/SEC) AND FEEDBACK COMMAND (IN NEWTON-METERS) FOR THE
SARCOS ROBOTIC ANTHROPOMORPHIC ARMALGORITHMS EVALUATED INCLUDE RIDGE REGRESSION WITH NONLINBR GRADIENT DESCENT OUR
BAYESIAN DE-NOISING ALGORITHM, LASSOREGRESSION WITH THE PROJECTION STERND STEPWISE REGRESSION WITH THE PROJECTION STEP

STANDARD DEVIATIONS ARE NEGLIGIBLE AND THUS OMITTED.

stepwise regression produced RBD parameters that weretls®robotic system, we additionally introduce a post-psstey
physically off that they were impossible to run on the robotistep that takes the Bayesian estimate and projects theosolut
head. This can be explained by stepwise regression's éaitur onto a set of constraints, derived from the parallel axis
identify the relevant features in the dataset, resultin@BD theorem and from the need to ensure positive values foricerta
parameter values that were plain wrong. parameters. We demonstrate the ef ciency of the algoritlym b
applying it on a synthetic dataset/dOF robotic vision head
and al0 DOF robotic anthropomorphic arm. Our algorithm
successfully identi ed the system parameters frérto 20%
higher accuracy than alternative methods, thus provingeto b
a competitive alternative for parameter estimation on derp
high degree-of-freedom robotic systems.

C. Robotic Anthropomorphic Arm

We also evaluated the parameter esti-
mation algorithms on 40 DOF robotic
anthropomorphic arm made by Sarcos,
shown in Fig. 4. With3 DOFs in the
shoulder,1 DOF in the elbow3 DOFs in
the wrist and3 DOFs in the ngers, this
gives a total ofL10features. We collected
about a million data points from the
robotic arm over a period 6f0 minutes,
gathering data at a rate @80 samples
per second. During this time period, the arm performed sin _ . .
soidal movements with varying frequencies and phase effsétTR Computational Neuroscience Laboratories.
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APPENDIX By setting% to 0 and solving for , we will get the solution to
the minimization cost problem. We can see that when we have the
A. EM-update Equations optimal solution for that minimizesJ, then(y X )TX = 0.

When we are dealing with noisy instead of noiseless inputs, then we
{:(rim resort to our EM-based de-noising algorithm that attempts to nd
a that is optimal.

We can then derive the following EM updates using standa
manipulations of normal distributions:

M-step :
R . .P LE
yEN yi 2lyihgi+ 1 zz 1
i=1
1 X . .
zm = N Zi%n 2hwzm 1hzim tim | + ng tﬁn
i=1
1 2 . . 2 2
xm = N Xim 2Wum ihtim | Xim + Wyt
i=1
E-step:
1 o2 X .
2 p ihwom i = 22 gy tim
Wzm ﬁr iNzl “ﬁn | + h mi zm m . im tim
1 o2 X .
2 p Thwm | = 22 X P
Wxm 1 L IN:1 I’tﬁn | + h " | i) Xxm “n - m m

2
Wzm + Wim



