Derivation of Maximum Likelihood Factor Analysis using

EM*
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1 The Factor Analysis Model

t=Wx+e+pu

where

t — observed variables
W — matrix of factor loadings
x — hidden variables with distribution A’(0,I)
p# — mean of observed variables (assume zero w.l.g.)

€ — noise with distribution A(0, ¥)

2 Estimation of W and ¥ using EM

Given a set of data points D = {t;} we wish to estimate the parameters W and W.

The complete data log-likelihood is given by

N
(W, 0) = log [ [ p(t:, x:|W, W)

N
= Zlogp(ti, x;|W, ¥)

N
= logp(tilxi, W, ¥)p(x;|W, ¥)

N N
= logp(ti|xi, W, ¥) + Y log p(x;|[W, ¥)
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*Compiled by Aaron D’Souza. Direct comments, bug reports, raspberries, etc. to adsouza@rubens.usc.edu



but since the distribution of x is independent of W and ¥

[.(W,¥) = Zlogp(ti|xi, W, ¥ + Zlogp(xi) (2)

Since the second term in eq. (2) is independent of W and ¥, it suffices (for the purpose of
estimating W and ¥) to only deal with the term

N
L= Zlogp(tﬂxi, W, U)

Now for the distribution p(t|x)
E{tlx} =E{(Wx + ¢)|x} = Wx (3)
Cov(tx) = £ {(t — Wx)(t — Wx)T|x} = £ {eel |x} = ¥ (4)

Hence we can expand L as

1 Tay—1
L= Z g d/z|\1,|1/2 {—§(tZ—sz) v (tZ—le)}

N
Nd N 1
=-5 log(27) — 5 log || — 5 (t7 W=t — 2] O~ ' Wx; + x] WIT—'Wx;)

Nd N 1
= -5 log(2m) — < log [¥| — 5 (65w e — 267 U Wx 4+ Tr [WHUT  Wxix] )

i
In the last step we have exploited the relation xT Ax = Tr [AXXT], where Tr[-] is the trace
operator.
Taking the expectation of L according to p(x;|t;, W, ¥) we get

N

N 1

E{L} =k~ log|¥] - 5 (67w — 26T U IWE {xi [t} + Tr (WU WE {xx] [t}])
(5)
Maximizing eq. (5) w.r.t. W
N
o0& {L} 1 _ T _
DD (_2\11 1,8 {x:]t61T + 20 1W8{xixiT|t}) -
T

Where we have used the relations fm;% = ABT and w = AXB + ATXBT.

Hence
N N
WD & {xx|t) = > 6 {xlti}”

and we arrive at the update equation
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Maximizing eq. (5) w.r.t. ¥—1

0E{L} N_ 1< 7
o =¥ 5 le (titZ»T — 26, {x; [t} W + WE {x;x] |t} WT)

N | X N 1 N
T T T T T
=5 ¥ — 3 EZ tit; + (% & {xit:} ) W- — §W (% & {xix; |t}) W

=0 (7)

Where we have used the relations M?)Léxl = (X~HT and fm;% = AB7.

Hence
1 [ N N
— 4T . 4T T T T
v= [thti —2 (ths{letz} ) wi+w (Zs {xix] |t}) W ] (8)
Substituting the value of W from the update equation we get

1 [& al T
T T
- N [Zi:titi -2 (Zi:tig {x;t:} ) w
N N LN
(et ) (Setari) - (Se i) wr

giving us the update equation

1 . ol T al T T
v = Ndlag Ztiti — Ztlg {Xi|ti} W (9)

in which the diag[-] operator constrains ¥ to be a diagonal matrix.

All that remains now is to determine the values of &€ {x;|t;} and & {x;x7|t}.

3 Calculation of the sufficient statistics

For the distribution of the observed variable p(t)

E{t} =E{Wx+¢€}
=WE{x}+ &{e}
=0 (10)
Cov(t) =& {ttT} =E&{(Wx+ 6)(WX—|—6)T}
=W¢ {XXT}WT +W¢ {XET} —|—S{6XT}WT —|—S{66T}
=WW” 04047
=WW’' +¥=C (11)



For the complete data distribution p(t, x)

£
:[ - I]EA (13)

For the distribution p(x|t)

p(t, x)
p(x|t) =
X0 ="
_2m) T2 A T exp (<1yTAly)
(2m)=d/2 |C|_1/2 exp (—%tTC—lt)
1
= (blah)exp (—i(yTA_ly - tTC_lt))
1
= (blah)exp 5 (14)
where we define
o=yl Aty —tF'Cc1t (15)

In the above eq.s C = Cov(t) as defined in eq. (11), and A = Cov(t,x) as defined in eq. (13).

Also, since

Lo [rrwwT ow
B wT I
_ [An A12]

Ao Ay

we have

A-LIT A-1,12
| |

A-L2L A-1.22
_ [ (A1; — ApAS AL)! ATTA 12 (A9 AT A, — Agy) !
(A2t AT A s — Ags) LA AT (Aos — Ag1 AT A5) 7!



Consider the term inside the exponent of eq. (14)
a = yTA—ly _ tTC—lt
=[t7 xT]A™? H —tfc 't
x
— g AL 4 T A D02y ¢ TA-220 4 TA-122, (Tl

_ tT(A—l,n _ C_l)t T A 2 1 xTA- D20 4 T A 122
_ tT(A—l,n _ C_l)t +92tTA- 1 12¢ 4 xT A 122«

Consider the term
A_l’ll — (j_1 = (A11 — A12A2_21A21) — Al_ll
= AL+ AT A (A — An AT A) Ay AT — AT
= AT'Ao(Asy — Ay AT A1) A AT
— BTA—I,ZZB
where we define
B=AnA7
=wlw4+wwh)-!

which we can also write as (refer to appendix C)
B=1+Wutw)'why!
Substituting eq. (17) into eq. (16) we get
a =tTATA-1228¢ + 26T A~ 112 4 xT A1 2%

= (x = Bt)TAT P (x - Bt) + 267 BTAT x24T AT x
— (X _Bt)TA—l,ZZ(X _ Bt) 4 QtT(BTA—l,ZZ +A—1,12)X

Now
BTA—LZZ 4 A—1,12 — A1_11A12(A22 _ A21A1_11A12)_1
+ AT A1 (Ag AT A, — Agy) !
=0
Hence

a=(x—pt)TA=12(x — Bt)
Which from eq. (14) implies that p(x|t) has the form
p(x|t) = (blah)exp (—%(x —Bt)TATV 2 (x — Bt))

from which we can deduce

E{xt}=pt =T+ WIu'w)"'wlo-1¢

(17)

(20)
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and

but

Cov(x|t) = (A~H2%)~!

[Cov(x|t)] ™" = A=122
= (A — A1 AT A1)

= AL AL AL (—AL FADRAL AL ) TTA AT
=1-WI (-0 -wWW? t wwi)~lw

= I1+Wl'u'w

and hence we can write

Also, since

A Matrix Inversion Theorem

Cov(x[t) = (I+ WTu~tw)~!

Cov(x|t) = & {xxT|t} — & {x|t} & {x]t}"
E{xx" |t} = Cov(x|t) + & {x[t} & {x]t}"
=1+ W'uw)~! 4+ get7 g7
=1- W' w4+ wWwWh~'w 4 gt g7

=1- /W + 8tt7 87

(A+XRY) ' '=A7 A XR '+ YA IX)'yA™!

B Partitioned Matrix Inversion Theorem

If we define

then

A=

ATl =

A Ags
Ao Ay

A-L21 A-1,22

[A—Ln A—1,12]

!

(A1; — ApAS AL)!
Ayl AT A s — Agy) tA AT

AT A5 (Ag AT Ay — Agy) ™!
(Agy — Ao i AT A1)t

(23)



C Another useful result

A=wWI'w+wwT)-!
=W U ! ' W(I4+ WIe W) wl e
=[1-WIo'w(I+wiy—w) ] wiheg—!
=1+ T+Wew) - 1+ Wi twy 1+ Wiy w) T whe !
=14+ W tw)-lwTg-!

In a simliar fashion, we can also prove the more general result

WT(o 4+ WAWT )~ = A=A 4 Wi Iw) - twT !



